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RECTIFIABLE CURVES AND THE WEIERSTRASS INTEGRAL 
LAMBERTO CESARI, Purdue University 


Recent research on surface area theory and the calculus of variations has 
drawn attention to the theory of rectifiable curves and the Weierstrass integral. 
Indeed, most basic theorems for curves have their two-dimensional counterpart, 
although the proofs and the underlying concepts for the two-dimensional case 
lie much deeper than for curves and show unexpected connections with topol- 
ogy, measure theory, and functional analysis. 

The theory for rectifiable curves is presented sometimes in courses and books 
on real functions or on integration. The present brief exposition intends to 
emphasize those parts which are of greater interest because of their recent ex- 
tensions to surfaces. 


1. Parametric curves. We should first define the terms we need: parametric 

curves, continuous curves, rectifiable curves. For parametric curves we shall 

assume the following definition, which is adequate for the present exposition: 
A system of equations 


(1.1) 


where x;(u) are real functions of u is said to be a parametric curve C in the real 
Euclidean x-space Ey, x=(x1, +--+, xw), and <a<b<om, 
Thus in vectorial notation we have 


(1.1) 


and C may be thought of as a mapping from [a, 6] into Ey. The curve C is 
said to be continuous if the functions x,;(u),7=1, - - - , N, are all continuous in 
[a, 6]. We shall also define the graph [C] of C as a concept apart from the curve 
C. By graph [C] we mean, as usual, the set of all points x€ Ey “covered,” (or 
“occupied,” or “travelled”) by C in Ey, i.e., [C]=[xG Ew; x=f(u), aSusb]. 
For every u€ [a, b], x(u) is said to be the image of u on C. It is often convenient 
to assume on [a, b] the natural order from a to b. Then the curve C is said to be 
oriented. A point x€[C] may be covered once, finitely many times, infinitely 
many times by C;i.e., a point x€[C] may be the image of one, finitely many, 
or infinitely many points w€ [a, b]. The examples (Fig. 1) for N=2 may illus- 
trate the situation: Ci:%,=t, x.=#2, —1St51; Cy:x1=cos 2u, x,.=cos 2u tan u, 
C3: X2=x2(u), OSuS1, where x,(u)=u cos 2ru-', 
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C: = x2 = = an(u), 


C: x = x(u), asucsb, 


4 
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xo(u) =u sin 2ru-lif <uS1, x1 =x2.=0 if u=0;Cy: x1 =| u| ,x2=x2(u), -1 Su 
where x2(u) =|u| sin if -1<uS1, x2.=0 if u=0. 

Xp 

Xe 


Fic. 1. 


It may well occur that completely different curves C have the same graph. 
For instance, the curves x:=sin? ku, x.=0, OSuSm/2, R=1, 2,---, all 
cover the segment s=[D,]=[0<x, 51, x.=0] joining the points (0, 0), (1, 0) 
in E2, but D; covers s just once, Dz covers s twice (back and forth), D; covers s 
three times, etc. The curves D,, Dz, D3, - ++ are certainly different curves (and 
indeed they will have different lengths 1, 2, - - - ), but have the same graph. 
Analogously, the curves F;: x; =cos ku, x,=sin ku, 0 Su S27, all cover the circle 
t= [x?+23=1], but F, covers once ((1, 0) is covered twice), covers twice, 
etc. The curves F;, F2, - -- are different curves but they have the same graph. 
The graph [C] of a curve C may be a set of a very complicated nature (a char- 
acterization will be mentioned in Section 7). The graph of a curve C may 
well be a set of positive measure, and may have interior points; it may be a square, 
a cube, efc. (F. Osgood, G. Peano) (see e.g., E. W. Hobson, Functions of a real 
variable, I, pp. 451-458). 

There are situations where our intuition associates to two different sets of 
equations (1.1) the same entity. For instance, this occurs for the two curves in E, 


C:% = C’: = sinv, = 0,0 S 2/2. 


Xo 
+ 
+s 
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More generally, suppose u =¢(v), c Sv Xd, to be a continuous, always-increasing 
function with a=¢(c), b=¢(d). Thus ¢ maps [c, d] onto [a, b], each value 
a Sub is taken by $(v) only once, and the inverse function 
exists, is continuous, and maps [a, b] onto [c, d]. Then any two curves as 


C:x=2(u),asusd, C’: = x[¢(v)], cS 0 Sd, 


are felt to “represent” the same entity. For instance, in the example above 
$(v) =sin v, OSvS7/2. In Section 8 we shall introduce concepts of equivalence 
(Lebesgue, Fréchet). Thus C, C’ will be denoted as Lebesgue equivalent. Classes 
of Lebesgue [Fréchet ] equivalent curves will be said to define the same Lebesgue 
[Fréchet] curve. 

Finally, it should be pointed out that “curves” as x, =t, x2=t?, —-» <it<+oa 
(a parabola), x1=(1—#) cos x,.=(1—#) sin 0<#S1 (a spiral), x,=¢, 
x2 = (a*+#?)?>0, OSt<-+ (half-hyperbola), are not parametric continuous 
curves according to the definition above since the parameter ¢ does not range 
on an interval both closed and finite. A slightly more general concept of curve 
should be considered: C: x=x(u), w@G, where G is any set of real numbers. 
Some of the main theorems can be extended to this situation without effort 
(see, e.g., S. Saks, Theory of the integral, Warsawa, 1937, pp. 121-125). 


2. The Jordan length. By norm |x| of x€@Ey we mean, as usual, |x| 
=(xi+ -- + +x%)"220, and thus for any two points x, yCEw, |x—y| is the 
Euclidean distance 


(2.1) = +--+ + (aw — 2 0. 


Thus, for V=1, |x| is the absolute value of x, and |x—y| the usual distance 
on the real axis. 

For curves C: x=x(u), aSuSb, for which the functions x,(u), - - - , xw(u), 
are continuous with their first derivatives xj (u), - - + , xy(u), the length of C is 
often assumed, by definition, to be the numerical value of the integral (length 
integral) 


b 
(2.2) f | x’(u) | du -f (x ay) 


This definition is certainly adequate under the hypotheses above, but it is not 
adequate under somewhat weaker assumptions, as the following examples show. 

Let $(u), 0 Su S1, denote the well-known monotone nondecreasing continu- 
ous function with ¢(0) =0, ¢(1) =1, which is constant on each complementary 
interval JC[0, 1] of the ternary Cantor set E in [0, 1], where the countable 
sum of the lengths of the intervals J is exactly 1 [see, e.g., E. W. Hobson, Func- 
tions of a real variable, 1, p. 368]. Thus ¢’(u) =0 at all interior points of the 
intervals J and hence almost everywhere (a.e.) in [0, 1]. The curve (Fig. 2) 
C: =u, %=(u), OSuS1, in is a continuous curve of end points (0, 0), 
(1, 1). The chord through the end points of C has length +/2, and we should 
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expect for the length of C a value >/2. The formula (2.2) gives the value 
So(1+0)/2du =1. (The Jordan length of C as defined below will be 2). 


4 


Fic. 2. 


As another example consider the continuous curve D:x,=¢(u), x2.=0, 
0su3Xl, in E,. Essentially D is the segment s of end points (0, 0), (1, 0) (ac- 
cording to Section 8, D is actually Fréchet equivalent to the curve Do: x1=u, 
x2=0, OSuS1). Thus we should expect for the length of D the value 1 (or a 
value 21). The formula (2.2) gives the value /(0+0)'/2du=0. 

These examples show that formula (2.2) is not adequate under hypotheses 
weaker than the one mentioned at the beginning of this section. C. Jordan, in 
1884, proposed and studied a definition of length which is completely adequate 
for all parametric curves (continuous as well as discontinuous). 

By Jordan length 1(C) of the curve C is meant the supremum of the ele- 
mentary lengths of the inscribed polygonal lines. More precisely, if D 
= [a=u)<u< - - <u,=b] denotes any finite subdivision of [a, into con- 
secutive subintervals, the definition of 1(C) is 


For N=1, C is any given real function of the real variable u in [a, 6], and 1(C) 
is its total variation. A curve C in Ey is said to be rectifiable if l(C)<+o. 

If I=[a, B] is any subinterval of [a, b], by x(I) we denote the set of all 
points x Ey with x =x(u) for some u€ [a, 8]. By oscillation of x(u) in [a, B] or 
osc (x; a, 8) we denote, as usual, the diameter of the set x(J), i.e., osc (x; a, B) 
= diam x(J) =Sup | x(u’) —x(u)| , where the supremum is taken over all u, u’ EJ. 
Thus | x(a) —x(8)| Sosc (x; a, 8) for every I= [a, B]. 


Xo 
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An alternative definition of Jordan length is the following one 
(2.4) 1(C) = Sup >> osc (x; us). 


(2.1) For every continuous curve C we have 1,(C) =12(C). 


The proof is the same as given in a previous article (this MONTHLY, vol. 65, 
1958, pp. 317-332, Section 1, no. 1) for the total variation of a real function of 
one real variable. We shall refer to this article by I. 

Given, as above, a curve C: x=x(u), aSusb, and a subdivision 
D=|a=u<m< +--+ <u,=b]| of [a, b], we shall denote by d and 6 two pos- 
sible norms of D with respect to C, namely d= max (u;—u;.), and 6=max osc 
(x; Where in both the maximum is taken foriranging overi=1,2,-- -, m. 
If C is a continuous curve, then d—0 implies 6-0, but the converse is not true, 
as it is clear when x(z) is constant on some subinterval of [a, 6]. For continuous 
curves C the Jordan length is actually a limit of the sums (2.3), (2.4): 


(2.ii) For every continuous curve C we have 
1,(C) = 1,(C) = lim | x(u;) — | = lim osc (x; 
5-0 tml 5-0 


and the same holds as d-0. 


The proof is the same as given in I for the total variation of a function of one 
real variable. 


3. The Jordan theorem. We shall denote by V, the total variation in [a, b] 
of the function x,(u), r=1,---, N. Thus x,(u), aSusb, is a function of 
bounded variation (BV) if and only if V}.<+ ©. Absolute continuous functions 
will be denoted as usual by AC functions (cf. I). 


(3.i) (C. Jordan, 1884) For every parametric curve C we have 
(3.1) V, SUC) y=1,---,N. 


Hence C is rectifiable if and only if all functions x,(u), r=1,---, N, are BV in 
[a, b]. 


Proof. For every two points x, yC Ey we have, from (2.1), 
| — y| — y:| tee et lav — yv|,r=1,---, N. 


Hence, for every subdivision D of [a, 6] we have 


r=1 i=l 


r=1,---, N. By taking the supremum of each member we deduce relation 
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(3.1). This relation implies that 1(C)<-+ © if and only if all numbers V,, 
r=1,---, N, are finite. 


Theorem (3.i) was proved by Jordan in 1884 in just the same form, 7.e., for 
continuous as well as discontinuous curves. The Jordan length has a number of 
formal properties in common with the total variation of a real function 
f(u) [N=1], namely all those properties of the latter which involve only vec- 
torial properties of the real system. One of these properties is the following one: 


(3.ii) If I=[a,b] and I,, - - - , Im, is a finite subdivision of I into subintervais, 
and we denote by C, Ci, +++, Cm, the curves defined by the vector function x(u) on 
I, lh, - ++, Im, respectively, then 1(C)=1(Ci) + - +1(C,,). 


4. Lower semicontinuity of the Jordan length. This is the basic property of 
the Jordan length and holds for continuous as well as discontinuous parametric 
curves. This property is well expressed by the following theorem: 


(4.1) If C:x=x(u), aSusb, C,:x=x,(u),aSusb, n=1,2,---, are given 
curves and x(u) =lim x,(u) as n+ for every u€ [a, b], then 
(4.1) lim inf U(C,). 


Proof. Given e>0 there is a subdivision D of [a, b] such that 
N 
Dd | — x(uis)| > UC) — «, or 1/e, 
t=1 


according as I(C)<+o, or Since x,(u;)-x(u;) as 
1,---, N, there is an n; such that | xn (ts) | <e/2N for all 
i=0, 1,---, N, and hence, also, for n2>m)=max n;. For n= we have also 
| xn (ws) > | x(u;-1)| — ¢/N, and finally 1(C) — «, or 1/e 
< [| —xn(us_s)| +e/N] S1(Cn) +e for all This implies (4.1). 
This proof is the same as in I, (7.i). 


A variant of (4.1) for continuous curves is 


(4.ii) If C:x=x(u), aSusb, C,:x=c,(u), aSusb, n=1, 2,---, are con- 
tinuous curves and x(u)=lim x,(u) as n—© for at least all u of a set which is 
everywhere dense in |a, b], then (4.1) holds. 


Remark 1. In neither of the statements (4.i), (4.ii) uniform convergence is 
required, and, in (4.i), the continuity of the curves is not required. 


Remark 2. Examples show that equality sign does not hold necessarily in 
(4.1). For instance, let C:x,;=u, x2=0,0SuS1,and C,:x,;=u, sin 2rn'u, 
O<u<1, where n, m* are all integers. Then /(C)=1, and, by (3.1), also 
<1(C,) ]. 

If n=m?*, s=1/2, m=1, 2,--+-, we have l(C) =1=lim U(C,,) as m>+ If 
1, m=1, 2,---, we have 1(C)=1<17"/?Slim 1(C,) Slim sup 1(C,) $5. If 
2,n=1,2,---+, we have 


s 
s 


) 
& | 
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Remark 3. A continuous curve C: x=x(u), aSuSb, is said to be a polygonal 
line (and x(u) quasilinear in [a, b]), if there is some finite subdivision D of 
[a, b] into parts on each of which x(x) is linear or constant. Then each part is 
mapped by x(u) onto a segment o and the elementary length /,(C) is the sum 
of the lengths of these segments. Obviously the Jordan length /(C) coincides 
with the elementary length for every polygonal line C. 

Now let us consider any continuous curve C:x=x(u), aSusb, and the 
class y of all sequences yn=[x=x,(u), aSuXb], n=1, 2,---, of polygonal 
lines with x,(u)—x(u) uniformly in [a, b] as n>. By (4.1) we have 

lim inf /(y,) = lim inf /.(y,), 
while, by the definition of Jordan length (Section 2), we know that there is some 


sequence with /,(C,)—31(C) as n—>«. This remark suggests the following alter- 
native definition of Jordan length 


UC) = Inf [lim inf J,(y,)]. 


5. The function s(u). For every aSu3b, let s(u) denote the length of the 
curve defined by (1.1) on the interval [a, u], and by v,(u) the total variation of 
x,(u) in [a, «] . Then by (3.ii) and the corresponding theorem for total variations 
(cf. I, Section 1, Remark 1), we deduce that, for each interval [a, 8] of [a, b], 
the differences s(8)—s(a), v,(8)—v,(a) are the length of the curve defined by 
(1.1) on [a, B], and the total variation of x,(u) on [a, 8], r=1, - - - , N, respec- 


tively. The functions s(u), v,(u) are monotone nondecreasing in [a, 6], and s(a) 
=v,(a) =0, s(b) =1(C), v,(b) = Ve r=1, + N. 


(5.i) For every curve C and any subinterval [a, B] of [a, b] we have 


N 
1,(8) — v-(a) s(8) — s(a) S [v(6) — =1,--- 


| x,(8) — x(a)| | x(8) — x(a)| 5(8)—s(a), r=1,---,N. 


This statement is a consequence of the definitions and of (3.i). 


(5.ii) For every continuous rectifiable curve C the functions s(u), v,(u) aSuSb, 


are continuous in [a, b], and s(a) =v,(a) =0, s(b) =1(C)<+, 0,(b)=V,<+, 
r=1, N. 


This statement is a consequence of (5.i) and of the same property for the total 
variations v,(u) (cf. I, Section 6). 


(5.iii) For every continuous rectifiable curve C, the function s(u) is AC tf and 
only if all functions v,(u), r=1, ---, N,are AC, and hence if and only tf all func- 
tions x,(u), r=1,--+,N,are AC. 


The first part of this statement is a consequence of (5.i), the second part of 
the analogous statement for the total variation (cf. I, Section 6). 


ty 
} 
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6. The Tonelli theorems. 


(6.1) (L. Tonelli, 1908-12) For every continuous rectifiable curve C:x=x(u), 
asub, x(u) =[x,(u), r=1,---, N], we have 


b 
(6.1) 2 f | | du, 


and the = sign holds if and only if all functions x,(u), r=1,--+-,N, are AC. 


Proof. By (3.i) all functions x,(u) are BV in [a, b] and, by a theorem of 
Lebesgue [cf. I, Section 11], the derivatives x/(u) exist almost everywhere 
(a.e.) in [a, b] and are L-integrable. Also, the nondecreasing function s(x), 
asux<b, s(a)=0, s(b) =1(C) has derivative s’(u) a.e. in [a, b], s’(u) is L-inte- 
grable in [a, b], and, by (5.i), we may deduce that | x’(u)| <s’(u) a.e. in [a, 5]. 
By the same Lebesgue theorem we have now 


b 

l(C) = s(b) — s(a) s'(u)du =f | x’(u) | du, 
and (6.1) is proved. Suppose that the = sign holds in (6.1). Then s(b) —s(a) 
= [?s'(u)du, while, for every 3b, by (6.1) we have 


(6.2) s(u) — s(a) = f "J (u)du, s(b) — s(u) = f y (u)du. 


By addition and comparison we have + ~ >s(b) —s(a) = [’s’(u)du =s(b) —s(a) 
and thus the = sign must hold in both relations (6.2) for all aSu <b. This im- 
plies that s(u) =s(a)+/f%s’(u)du for all u, i.e., s(u) is an integral function, and 
thus s(u) is AC. By (5.iii) all x,(u), r=1, +--+, N, are AC in [a, 6]. Suppose 
finally that all functions x,(u), r=1,---, N, are AC in [a, 6]. Then by (5.iii) 
and for every subdivision D of [a, b] we have 


< = x'(u) | du. 


By taking the supremum of the first member for all D we havel(C) < 2 | x’ (u) | du. 
By comparison with (6.1) we conclude that the = sign holds in (6.1). 


Ui-1 


Remark. The central inequality in (6.3) has been obtained by applying a 
known inequality for real numbers, often given in either form 


+ 4+ (La) s 


~ 

i 

| 
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See, e.g., S. Saks, p. 171. The first one is just a form of the so-called triangle 
inequality. The various parts of the previous proof can be traced, with some 
simplifications, in the original papers of L. Tonelli, [Acc. Sci. Torino, 43, 1908, 
783-800, and 47, 1912, 1067-1075]. 


(6.ii) (L. Tonelli, 1912). For every continuous rectifiable curve C we have 
s'(u) =|x'(u)| a.e. in [a, 


A simple proof of this theorem is given in L. M. Graves, Functions of real 
variables, 1946, p. 213. 


7. The Noebeling theorem. Since a parametric. continuous curve is, by 
definition, a continuous mapping from a finite closed interval aSu3Xb into 
Ey, the set [C] has a number of properties, namely [C] is bounded, and closed 
(thus compact), and connected (thus a continuum). In addition it is locally 
connected, even “uniformly locally connected.” A set MC Ey is said to have this 
property if, given e>0, there is a 6>0 such that for any two points x, yEM, 
|x—y| <6 there is some subcontinuum mCM, with x, yEm, diam m<e. By 
a theorem of H. Hahn and Mazurkiewicz, a set M is the graph [C] of a (para- 
metric continuous) curve C if and only if M is bounded, closed, connected and 
uniformly locally connected. Such a set is also said to be a Peano space. A square 
in E,, a cube in £3, certainly satisfy these conditions and thus are the graphs 
of some continuous curve. In topology such a set is said to be “a continuous 
curve”; it is unfortunate that the use of this term clashes with the one of the 
present article, of differential geometry, of calculus of variations, and other 
parts of mathematics. 

For each point x€ [C] let us denote by M(x) the number (finite or + ~) of 
the disjoint points w€ [a, b] with x =f(u); i.e. M(x), is the number of points u of 
[a, b] of which x is the image under C. For each x€ Ey —[C], let M(x) =0. Then 
the multiplicity function M(x), 0S M(x) $+, is defined for all x€GE,, and is 
nonnegative and integral valued. We shall denote by H' the 1-dimensional 
Hausdorff measure in Ey. 


(7.1) (G. Noebeling, 1940) For every continuous parametric curve C we have 


KC) = M(x)dH'. 
Ey 
This theorem connects the Jordan length of a continuous curve C with the 
concept of 1-dimensional Hausdorff measure of a set. If ¢(x) is the character- 
istic function of the set [C], i.e., @=1 for x€[C], ¢=0 for xGEy—[C], then 


= f f __ = HC), 


| 
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and it may well occur that H"([C]) </(C), as, e.g., for the curves D;, Fi, k= 2, 
of Section 1. 

For every set ACEy, Lebesgue measure, say | A| , and N-dimensional 
Hausdorff measure coincide, say |A| =H*(A). For N>1, the measure | [C]| 
of the graph [C] of a continuous curve C in Ey is not necessarily zero [indeed, 
[C] may be a cube in Ey, etc.]. Nevertheless, if C is rectifiable and N>1, then 
| [C]| =0 [see, e.g. L. Cesari, Surface area, 1956, p. 93]. (For the concept of 
measure H', which will not be used in the following, see also, e.g., S. Saks, loc. 
cit., p. 53). 


8. Lebesgue and Fréchet equivalences. If C:x=x(u), aSuSb, we may 
identify a and b, and then we must require x(a) =x(b). Then C is said to bea 
closed curve, and [a, b] becomes topologically equivalent to a circle, i.e., a 
1-sphere. Otherwise we say that C is open, and in this case a and BD are not 
identified, and [a, 6] is a 1-cell. Since the concept of equivalence for closed 
curves requires a few more words than for open curves, we will suppose that 
all curves in this section are (parametric, continuous, and) open. Also, we shall 
suppose that they are all oriented. 

A mapping u=h(v), h(c)=a, h(d)=b, from the interval 
J =[c<v<d] onto the interval I= [a<ub], is said to be a homeomorphism 
from J onto J if it is one-one and continuous together with its inverse, v=A-!(u). 
Given any two (oriented, open, continuous, parametric) curves 


= [c,d], 


in Ey, we say that C is Lebesgue-equivalent to C, (or L-equivalent to C,) if 
there is a homeomorphism from J onto J, u=h(v), vE€J, uEI, such that 
f[h(v) | =g(v) for all vEJ. It is easy to prove that L-equivalence has the stand- 
ard symmetric, reflexive, transitive properties for an equivalence. Thus we may 
say, as usual, that two curves C, C, are L-equivalent. We have already given 
in Section 1 an example of two L-equivalent curves. 

A more general concept of equivalence is the following one. Given any two 
curves C, C; as above, we say that C is Fréchet equivalent to C; (F-equivalent, 
C~C,) provided, given e>0, there exists a homeomorphism u=h,(v), ve J,uElI 
(which may depend on e), such that | f[#.(v)]—g(v)| <e for all o€ J. Again it is 
easy to prove that the F-equivalence has the same properties for an equivalence 
mentioned above, 7.e., 1. C~C; 2. C~C, implies Cx ~C; C~Ci, implies 
C~C,. 

Obviously F-equivalent curves are L-equivalent, but the converse is not true, 
as the following example shows. Suppose (Fig. 3) C: m=u, x= +--+ =xy=0, 
uC€I=[0, 1]; m=g(u), w= --- =xy=0, 1], where g(u) =3u/2 
if OSuS1/3, g(u)=1/2 if 1/3SuS2/3, g(u) =14+(3/2)(u—1), if 2/3 
Let us prove that C~C;. For every n24 let u=h,(v), where h,(v) =3v/2 if 
if (1/3) —(1/m) SvS(2/3)+(1/n). Let h(v) =g(v), 
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f(u) =u. Then, by elementary computations, we have | hn(v) —h(v)| <3/n for 
all OSvS1. Thus |f[hn(v)]—f[h(v)]| 0 uniformly in [0, 1], and this proves, 
since f[h(v) ]=g(v), that C~C,. 


1 


u 


Fie. 3. 


(8.i) If C, C’ are L-equivalent, or F-equivalent, then 1(C)=I(C’), i.e., the 
Jordan length is invariant with respect to both L- and F-equivalences. 


Proof. For L-equivalence, observe that, if C: x=f(u), aSusb, C’: x=g(v), 
cSv<d, then f[h(v)]=g(v), f(u) =g[h—(u)] for some homeomorphism h, and 
any subdivision D of [a, b] is mapped by h into a subdivision D’ of [c, d] (and 
conversely). Since the corresponding sums (2.3) are equal, we deduce /(C) S$/1(C’) 
as well as 1(C’) S1(C). Thus /(C) =1(C’). For F-equivalence observe that for each 
n=1, 2,---+, there exists a homeomorphism hf, such that, if C,: x=f,(v) 
=f[h.(v)], cSvSd, then |f,(v) —g(v)| <1/m for all v, 
as By the lines above and (4.i) we have /(C,) =1(C), 1(C’) 
Slim 1(C,) as n—, and thus 1(C’) S$1(C). Analogously we can prove that 
S$1(C’), and thus /(C) =1(C’). 


9. Fréchet distances of two curves. Given any two continuous curves in 
Ey, say, C: x=f(u), u€I=[a, b], Ci: x=g(v), v€J=[c, d], we shall consider 
the class {h} of all homeomorphisms u=h(v) from J onto I. Then for every 
hE{h} the expression |f[h(v)]—g(o)|, v€J, has an absolute maximum 
m|h|=0 and we shall consider the infimum of this maximum m[h] for all 
hE {h}, say 


IC, Cal] = Inf max | — 


We shall denote ||C, C,|| as the Fréchet distance of C to C;. In other words, 
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\|C, C,|| is the infimum of all numbers e20 having the following property: there 


exists a homeomorphism u=h,(v) from J onto I such that | f[h.(v) ]— g(v)| Se 
for all ve J. 


(9.1) If C, Ci, Cz denote continuous curves in Ey, we have 1. IIc, C,|| 
2. ||C, Cll; 3. |]C, Gl] SI] C, Cal] Ca, Gills 4. =0 af and only if 


™~C\. 


The proof does not present difficulties. It should be pointed out here the 
rather trivial fact that the Fréchet distance || C, C,l| of two curves C, C; is a quite 
different concept than the distance {[C], [C,]} of the two sets (graphs) [C], 
[C,], the latter being defined, as usual, as the infimum of all distances | x— y| be- 
tween all pairs of points x€[C], yE[G]. The inequality {[C], [C’]} s||C, cl] 
holds as an immediate consequence of the definitions. Obviously the sign < 
may well hold. For instance, if N=2, C: x1=u, x.=0, OSuS1, Ci: x,=0, 
x2=1+u, 0SuX1, we have { [Cc], [Ci]} =i, IIc, = 4/5. For the two curves 
F,, Fz of Section 1 we have [Fi]=[Fe], { [Fi], [F2]} =0, || A, Fel] =2. 

We may state now a remarkable extension of the property of lower semi- 
continuity of the Jordan length: 


(9.ii) If C, Ca, m=1, 2, +++, are continuous curves in Ey, if Ca, C||0 as 
n— ©, then 1(C) Slim inf I(C,) as 


Proof. Let C: x=x(u), uEI, Ca: x=xn(v), n=1, 2,---, and 6, 
=||C, C,||. Hence 5,0 as n>». For every m there is a homeomorphism 
v=h,(u) such that | xn ] —x(u)| <6,+n-! for all n=1, 2,---. 
Hence, if Cy :x=Xn(u) =xn[ha(u) |, n=1, 2, - - - , we have | X,(u) —x(u)| 
<6,+mn— for all and hence X,(u)—x(u) as n— for all wEI. By (4.i) 
and (8.i) we have 1(C,’ ) =1(C,), 1(C) Slim inf 1(C,.), and hence /(C) Slim inf 1(C,) 
as n—«. Thereby (9.ii) is proved. 


Curves C, C; (both oriented and open), which are F-equivalent, are often 
considered as “representations” of the same entity. To obtain this we shall de- 
note by a Fréchet curve C (or F-curve) any family C= {C } of all curves C which 
are F-equivalent to one another. The equality of two F-curves, say C= {Cc}, 
C:={Ci}, is denoted by C=C,, and is simply defined by the identity of the 
two families {C} and {C,}. By F-distance ||C, C,|| of two F-curves C={C}, 
we shall denote the F-distance IIc, of any two curves CE} C}, 
Ci€;Ci}. Such a number does not depend upon the particular choice of C and 


C, in the two families (because of (8.i)). Now theorem (9.i) has the following 
formulation: 


If C, Ci, Cz denote F-curves we have (i) ||C, C,||=0 and |\C, C,|| =0 if and 
only if C=C,; (ii) ||C, ||C, Tl] Gil]. 


Thus all F-curves C form a metric space whose metric is the F-distance. 
Also, if we denote by Jordan length 1(C) of an F-curve C= {Cc } the Jordan 
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length 1(C) of any one of the elements CE { Cc } , then /(C) does not depend upon 
the choice of C in {c} (by (8.i)), and (9.ii) has the following formulation: 


(9.iii) If C, C,, 2,--+-, are F-curves, and ||C,, C|| 0 as then 
Slim inf 1(C,) as 


10. The representation theorem. - 


(10.i) For every continuous curve C: x=x(u),aSusb, with L=l(@)<+o, 
there is another curve C’: x= X(v), a; Sui, for which C'~C, X(v) is an AC vector 
function, even Lipschitzian with constant 1, and 


b1 
KC) = UC!) = f | | do. 
In other words: For every F-curve C={C}, with L=l(C)<+., there is an 
element for which the Jordan length is given by the integral (2.2). In somewhat 
imprecise terms, we may say that each rectifiable curve has at least one repre- 
sentation for which the Jordan length is given by the integral (2.2). 


Proof of (10.i). If L=0, then x(u) =x is a constant, and we may assume 
X(v) =x for all ai<v<bi. Suppose L>0, and observe that s(a)=0, s(b)=L, 
and s(u), @aSuSb, is monotone nondecreasing and continuous in [a, 6]. Also, 


R |-------- 


Fic. 4. 


s(u) is constant on an interval [a, B] if and only if x(u) is constant there (Fig. 4). 
For each so, 0S 50 SL, there is either a single point u»=a=8, or a maximal inter- 
val asusfB,asSaZ8 Sb, with s(u) =so, and, in the latter case, x(u) is constant 
on [a, B]. Let X(so) =x(u), au Sf. Then the vector function X(s) is defined for 
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all OSsSL. Let us prove that X(sp—0) =X (so) for every 0<soSL. Indeed we 
have then a>a and, given e>0O there exists ¢ such that 0<o0Sa—a, and 
| x(w) —x(a) | <e for all a—o Sua. Since [a, B] is a maximal interval of con- 
stancy for s(u), we have s (a—a) <5o, 1.e., 5=s9—s(a—o) >0. For every s with 
So—5S5<50, there is now some u with a—oSuSa and X(s)=x(u). Thus 
|x (s) -—X (so) | = | — x(a) | <e, and hence X(so—0) = X(so). Analogously we 
can prove that X(so+0) = X(so) for every 0Ss9<L. Thus X(s) iscontinuous and 
C’:x=X(s),0SsSL, isa continuous parametric curve. Let us prove that C’~C. 
Indeed, we may well approximate s=s(u) by means of quasilinear, strictly 
increasing functions s=¢,(u), aSuSb, ¢,(a) =0, $2(b) =L, with | —s(u)| 
<1i/n for all aSusSb, n=1, 2,---. Then X[¢,(u)]—X[s(u)] uniformly in 
[a, b] as mo, i., for every given e>0O there is some m with 
| X ]—X [s(u)]| <e, or | X[bn(u)]—x(u)| <e for allasu<b. Thus C’~C. 
We have now | X(s’) —X(s) =s’—s, hence, if X=(Xi, X1---, Xw), also 
| X,(s’) —X,(s)| Ss’-—s, for all OSs<s’ SL. Thus X(s) is an AC vector func- 
tion and also Lipschitzian with constant 1. By (8.i) and (6.i) we have 
L=l(C)=K(C’) = f%| X’(s)|ds, where | X’(s)| $1. Since 0=f%[1—| X’(s)| ]ds, 
we conclude that | X’(s)| =1 almost everywhere in [0, L]. 


Remark. The last line of the proof above shows that for every rectifiable 
curve C and a.e. in [0, L], L=1(C), we have (dXi/ds)?+ + + + +(dXw/ds)*=1. 
Since ds/ds =1, this relation is also a consequence of (6.ii). 


A continuous mapping C:x=p(u), aSu3Sbd, is said to be light if for every 
x€[C], the set p-'(x) is totally disconnected, i.e., its components are single 
points. In other words, p(x) is light if and only if p(u) is constant on no proper 
subinterval of [a, b]. Obviously x=X(s) is a light mapping. Thus (10.i) yields 
that every rectifiable F-curve has a light representation. This statement is 
actually general: 


(10.ii) Every F-curve has a light representation. 


(10.iii) Any two F-equivalent continuous light mappings x=f(u), aSusb» 
x=g(v), cSuSd, are L-equivalent. 


For any continuous mapping C:x=f(u), aSusb, let T= {y} denote the 
collection of all maximal intervals of constancy for f(u) in [a, b] (i.e., proper 
closed intervals, and single points). Then I is a decomposition of [a, 6] into 
disjoint parts, proper closed intervals and single points. For a light mapping, 
I is the collection of the single points of [a, b]. We shall think of I’ as ordered on 
[a, b] in the natural order. 


(10.iv) If Ci:x=f(u), uSusb, Co: x=g(v), cSuvSd, are continuous map- 
pings, and T;, T: are the corresponding collections, then Cy~C: if and only if 
there exists a one-one ordered correspondence between T, and 1: such that f(:) 
=g(y2) for every pair of corresponding elements. 
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11. The line integral as a Weierstrass integral. For curves C: x=x(u), 
asusb, x=(x, +--+, xn), for which the real functions x,(u), r=1,---, N, 
are continuous, with their first derivatives x{, - --,xy, and x{/?+ --- +x¥>0 


everywhere on [a, 5], by line integral is often assumed, by definition, the inte- 
gral 


b 
(11.1) 1(C,f) = flew, 


where f(x, t), t=(h, tw), is any given function of (x, £), 
continuous in (x, ¢) for all ¢ and all x€[C], and thus IJ is said to be the line 
integral of f on C. In order to assure that the integral J(C, f) has the same value 
on equivalent curves, i.e., on different representations of the same Lebesgue, 
or Fréchet curve, the further condition is required (h):f(x, Kt) = Kf(x, t) for all 
K=0, t, and x€[C] (this implies f(x, 0) =0 for all x«€[C]). Condition (h), i.e., 
f positive homogeneous of degree one in t, is known to be sufficient and, essen- 
tially, necessary for the required invariance of J with respect to Lebesgue and 
Fréchet equivalence for all curves C. If f(x, t)=|t] =(@+ +--+)", then 
I(C, f) is the length integral (Sec. 2, (2.2)); if f(x, t) =f(x)th, then I(C, f) is the 
“work” of a force f(x) in the direction of the x;-axis; if N=2, C is closed, and 
2f(x, t) =xite—Xet,, then I(C, f) is the “signed area” linked by the plane curve C. 

It may be pointed out that x(u) denotes the current point on C, that 
x’(u)/| x’ (u)| = [x!(u)/|x’(u)|, r=1, +--+, N] denotes the vector of the direc- 
tion cosines of the tangent ¢ to C at x(u), and that (11.1), by condition (4), can 
be written in the equivalent form I(C, f) =? f[x(u), x’(u)/|x’(u)| ]|x’(u)| du. 
Thus J(C, f) depends on the chain of values taken by f in correspondence to each 
point x(u) of C and the associate direction of the tangent ¢ to C at x(u). 

Unfortunately, the definition of line integral by means of formula (11.1) is 
subject to the same criticism which was expressed in Section 2 for the length 
integral. Namely, definition (11.1), though adequate unaer the hypotheses of 
continuity and differentiability mentioned at the beginning of this section, is 
not adequate under weaker assumptions, for instance in the class of all (para- 
metric, continuous) rectifiable curves C. In this general situation an integral 
(W-integral) can be defined which is quite adequate, and which coincides with 
the integral (11.1) whenever all functions x,(u), r=1,---, N, are absolutely 
continuous (AC) in [a, 6] (thus certainly under the more restrictive assumptions 
mentioned at the beginning of the section). The W-integral, or Weierstrass 
integral, is defined by a process of limit similar to the one we have discussed for 
Jordan length (2.ii). 

Let C:x=x(u), aSuSb, x(u)=[x(u), ---, xw(u)], be any (parametric, 
continuous) rectifiable curve, let D=[a=uo<u< +++ <un=b] be any sub- 
division of [a, b] and 6p the norm of D (Section 2). For each interval [u;4, u;] 
we may consider the two points pii=x(uin)=(xiu,, r=1,---, 

pi=x(us) =(xir, r=1, +--+, N) onC, and, if the chord s=pi-1pi, whose 
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direction cosines are the VN numbers (xi, —X;-1,r) solidus | pi- pi-1| . If a; is 
the vector a;=(aa, +--+ -*, @in), then a; may be thought of as the vector of the 
“average” direction cosines for the “arc (pi-1p;) of C.” If ¢; denotes any point 
Us1St;Su;, and p;=<x(t,) is its image on the “arc (p;-1p;) of C,” then the sum 


Sp = pi — pi-1) = | pi — 


can be thought of as an “approximate” value for a line integral of f on C. Note 

that the intervals [u;1, ui] with pi1= i, f(p;, 0) =0, have no 

bearing on the first of the sums above, and the same can be said for the second 

sum if we assume that the corresponding vector a; is any arbitrary unit vector. 
The following theorems hold 


(11.1) If C:x=x(u), aSusb, x(u)=[x,(u), r=1,--+, N], is any (para- 
metric, continuous) rectifiable curve in En, if f(x, t) is continuous in (x, t) for all t 
and x€[C], if f(x, Kt)=Kf(x, t) for all K=0, t, xE[C], then the limit exists and 
is finite 


HC, f) = lim Sp = lim pi — Pe). 
6-0 6-0 


The limit J(C, f) is said to be the Weterstrass integral of f on C, and it is proved that 
C~C’ implies J(C, f)=J(C’, f). 


(11.ii) Under the conditions above, if all functions x,(u), r=1,---, N, are 
AC on [a, b], then 


The last integral is said to be a Lebesgue-Tonelli integral. Because of (6.i) we 
can say that the Weierstrass integral J(C, f) is given by the formula (11.1) (as 
an L-integral) whenever the Jordan length /(C) of C is given by the length 
integral. By (10.i) every rectifiable Fréchet curve has a representation for which 
the Weierstrass integral is given by the Lebesgue-Tonelli integral. 

Both theorems (11.i), (11.ii), and other properties of J(C, f) are best proved 
as consequences of general theorems on interval functions, and the proofs are 
omitted. New proofs have been given by the author [L. Cesari, Additive set 
functions and Weierstrass integral.| The W-integral J(C, f) was first proposed 
by Weierstrass, and then studied consistently by Tonelli as"the main*tool for 
the calculus of variations [L. Tonelli, Rend. Acc. Lincei, 21/1, 1912, 448-453, 
§54-559; 21/2, 1912, 132-137, etc. |. It was successively discussed by K. Menger, 
N. Aronszajn, G. Bouligand, and others. On the general topic of the present 
article the reader may consult L. Cesari, Surface area, quoted above, and T. 
Rado, Length and area, Amer. Math. Coll. Publ., vol. 30, 1948. 
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LOGIC AND MATHEMATICS COURSES 
LOUIS O. KATTSOFF, Harpur College 


The increasing tendency to introduce some work in logic into mathematics 
courses at the introductory level appears to me to need careful attention in 
terms of the aims and objectives of such introductory courses. 

One of the first things that needs to be underlined is that for a great number 
of our undergraduates the introductory course is also the terminal course. This 
gives it a unique importance not shared by other courses. If the student is to 
learn anything about mathematics at all this is his only opportunity, for it is 
all too evident quite often that the mathematics he has had in the secondary 
school left him with no idea about mathematics except that of mechanical 
memorization and strange manipulations that somehow give the right answers. 
The introductory course for these students is the only place where they can 
begin to understand mathematics and its place in our civilization. Since I am 
writing this paper chiefly for mathematicians, I do not need to argue that no 
person can consider himself educated who does not to some degree comprehend 
mathematics and its role in creating, fashioning, and comprehending the kind 
of world we have. 

Granted this need to give these students an understanding of what it is to 
do mathematics and what it is that mathematics does, the very utilitarian char- 
acter of mathematics means that the student’s education in other fields is im- 
possible unless he acquires certain fundamental mathematical techniques. This 
too is so obvious that I shall not take the time to document it. What it means, 
however, is that these technical operations at least must be taught in the intro- 
ductory course. For those who like myself prefer nonutilitarian_ reasons, I 
would suggest that an understanding of mathematics without some immersion 
in techniques is like trying to understand a youth in love by one who has never 
loved. It is, I know, the fashion today to decry what is called in derogatory 
tones “drill” or “technique,” arid to emphasize “thinking things out.” This, as I 
shall show later, involves a basic misconception concerning the meanings of 
“thinking things out” and “technique.” Be that as it may, one eliminates 
formulas and techniques only at the risk of doing students a disservice since it 
will make their education more difficult. Not even mathematics is so isolated 
and autonomous that it can be taught with neglect of its ramification. Even the 
“queen” must make her decisions in the light of the needs of her subjects. 

It would be splendid if we could talk about our subject only in terms of this 
last group of students that I want to mention. These are those students for 
whom the introductory course lays the basis for a major and perhaps a career in 
mathematical research. For this group, quite obviously, the introductory course 
is not at all terminal but initiatory. Yet I venture to urge that the needs of this 
group are not exclusive but inclusive of those of the other two. These students 
need not only to understand the doing of mathematics and its applications, but 
they need to create in themselves the knack of technical skills and the fund of 
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knowledge without which they either become technical hacks or remain sterile. 
The basic difference between this group and the others is that this one needs 
more subject-matter and this perhaps cannot all be crowded into one course. 
Those who prepare for advanced work can, in any case, obtain the understand- 
ing and applications over a longer period of time. In a sense, however, | think 
the whole division I have made is quite artificial; but I will leave the problem 
of working out the details of a course for all three sets of students to others. The 
chief point I need to make is that there are these three aims of beginning courses 
in mathematics. 

I have made this approach to my problem in order to have some basis for 
discussing the growing introduction of logic into introductory courses. Evi- 
dently, if one adds one or more chapters to an introduction to mathematics in 
which basic logical concepts are presented, there must be some justification 
other than enlarging the volume. It should be apparent, indeed, that to justify 
the inclusion of these notions one is best advised to endeavor to indicate that 
doing so will help achieve some desirable goal. Having stated a set of aims, we 
can now consider whether or not logical notions do make their attainment 
possible. 

To help us in deciding our problem, let us look, rather sketchily to be sure, 
at the relation between logic and mathematics as it developed over the cen- 
turies. Logic, traditionally, was the science of correct reasoning. Mathematics 
was the science of quantity. The two, once upon a time, were separate studies. 
For many centuries the core of logic was the study of immediate inference and 
the syllogism. In later years Euler’s and Venn diagrams were introduced and 
the interpretation of categorical propositions in terms of class-inclusion rela- 
tions was added. So, throughout the passing centuries, logic was studied by 
those who wanted to learn how to derive valid conclusions from a given set of 
premises. Mathematics, on the other hand, was concerned to discover the prop- 
erties of two kinds of quantities—the discrete and the continuous. In short, one 
who wanted to know the properties of space and time (which were quantities) 
learned mathematics. True, to derive the theorems of mathematics one did in 
fact use reasoning, still this was not so surprising. This attitude is quite preva- 
lent. Let me quote one fairly-recent textbook in general college mathematics. 
“Mathematics is impossible without logic, for we must use correct arguments 
if we are to solve problems, prove theorems, etc.” 

However, this quotation and the chapter on logic come at the end of the 
book. Indeed, if the student needs to be told that mathematics is impossible 
without logic in this sense, he must be quite stupid. Such a justification for the 
introduction of a chapter on logic which demonstrates no clear relation between 
logic and mathematics is as valueless as a chapter on logic in a textbook on 
surgery, for the justification would be exactly the same. In fact, this particular 
chapter to which I refer seems to me to be completely useless since it neither 
aids the student to understand mathematics nor gives any clear impression of 
the value of logic. It has no connection with the rest of the book, and I under- 
stand it is so considered by instructors who use it. 


Ags 
ays 
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More significant reasons for including work in formal logic (or mathematical 
logic) can be given. In point of fact the relation between logic and mathematics 
is quite intricate, so much so that a true understanding of the nature of mathe- 
matics is virtually impossible without some ideas about logic. Even more sig- 
nificant is the fact that the distinction between logic and mathematics loses its 
sharpness, so that at times it is not possible to say whether one is working in 
logic or in mathematics. All of this is important even if we do not mention the 
application of symbolic logic to problems in algebras, statistics and computer- 
construction. 

Credit is usually given to G. Frege for the first explicit and detailed attempt 
to derive the concept of natural number from logical notions. Frege actually was 
inspired by two objectives. He wished to construct logic in such a way that 
all the consequences of a set of statements could be derived purely mechanically. 
Deductive logic, he felt, needed to be just as much a calculus as arithmetic so 
that one could, by defining certain operations, perform all “reasoning” by 
manipulating the symbols according to these rules. Secondlv, Frege sought to 
show that the number concept was at bottom constructible by definition from 
the elementary logical notions. He approached the problem by considering 
quantity, and in particular number, to be a property of groups (or classes of 
things) and a purely formal property at that. Since a class could be defined in 
terms of “propositional functions” by considering it to be composed of all those 
elements for which the function resulted in a true proposition, this rather obvi- 
ously made it possible to start with logical notions and build up classes. Adding 
to this the notion of (1, 1) correspondence, Frege and later Russell came up 
with the definition of a number as “the class of all classes that can be put into 
(1, 1) correspondence with each other.” It is plain to see at this point that this 
_rather startling development, which was made better known by Russell in his 
Philosophy of Mathematics (Vol. 1) and then with A. N. Whitehead in Principia 
Mathematica using a much better symbolism than had Frege, signifies that 
whoever wants to work at the roots of arithmetic needs to go back to logic. This 
means more than that. If the work of Frege and Russell was correct, then 
mathematics was but a branch of logic, and it is also possible to conceive of 
logic as mathematics. If logic could serve as a matrix for mathematical notions, 
could one not start with mathematics and define logical concepts in its terms? 
We will not try to answer this question but merely to point out that this paves 
the way for the expanded notions of “algebras,” and the conception of an algebra 
as a logical system or a logical system as an algebra. 

In a context such as this, I must mention George Boole. Boole too was in- 
spired by the Leibnizean and Cartesian notion of a “universal science of order 
and measurement.” He wanted to reduce the so-called “laws of reason” to 
mechanical operations. Accordingly, in his Law of Thought, Boole tried to do so 
and gave us what has been called “Boolean Algebra.” This I mention simply to 
indicate again the close connection between algebra and logic and the stages 
that make it easy to identify the two. 

The Frege-Russell derivation of finite arithmetic from the concept of class 
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(or function) was fortunately based upon a notion that led to the paradoxes. 
Russell formulated one of the earliest of these in the Russell paradox based on 
the definition of a particular class. Soon other paradoxes were published. The 
effect was to release a host of studies aimed at “saving” the foundations of 
mathematics. We need not describe these here except to indicate some of the 
things that resulted. 

Attempts to correct the definition of a class to obtain one that would not 
lead to paradoxes brought about an intensive development of the theory of 
classes, both finite and transfinite. The notion of a class could be constructed or 
simply taken as an interpretation of a set of axioms. This in its turn comple- 
mented the development of axiomatic theory. The work of David Hilbert and 
his associates in this area is now part both of the history of logic and of mathe- 
matics. Out of it in large measure has come metamathematics and a deepening 
of our insight into what mathematics is. The result has been elaboration of such 
notions of “proof,” “function,” “rules of substitution,” “rules of replacement,” 
“rules of operation,” analysis of recursion formulas, the distinction between vari- 
able and constant, and so on. Metamathematics is, in brief, the theory of mathe- 
matics and talks about mathematics. But above all it has tended to underline 
the notion of mathematics as the mechanical development of the deductive 
consequences of an initial set of statements. This explained and explains why 
the axiom-system is the ideal type of mathematical structure. 

Hilbert’s work on the axiomatization of geometry clarified the basic ele- 
ments of such systems, too. It brought to the fore the importance of the prob- 
lems of consistency, independence, completeness, and the nature of mathemati- 
cal existence. The first of these are logical problems being concerned with the 
relation of implication. The last of these problems became of prime importance 
in the controversy with L. E. J. Brouwer, the Dutch mathematician, and 
centered around the principle of classical (or two-valued) logic known as the 
“law of excluded middle.” It resulted in a clarification of such expressions in 
mathematics as “there exists a function such that... .” But it also led into the 
whole theory of logical matrices by means of which the multivalued logics were 
developed, and which play an important role in the construction of certain types 
of computers. 


All of these developments brought out the fact that pure mathematics 


| ultimately reduces to the mechanical (i.e., deductive) manipulation of sets of 
' symbolic arrangements according to pre-established rules. This is why I said 


earlier in this paper that there is a fundamental misconception involved in the 
attack on drill and technique. If pure mathematics teaches one to think, it 
instructs in the art of mechanical elaboration of initial premises. Facility in 
such work, as in all mechanical operations, comes through repetition. To get the 
“feel” of such manipulation, even when one is simply trying to understand 
what mathematics is rather than to become an expert mathematician, one does 
need to do this sort of work. But I do not want to involve myself in debating 
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this issue. It is, I believe, to the realm of applied mathematics that those refer 
who speak in terms of “thinking things through.” In this area we enter upon the 
significance of mathematics for our civilization. This is, however, a different 
matter. 

All of these remarks make it quite evident that the interrelations between 
symbolic logic and mathematics are many and intricate. It is, in my opinion, 
simply impossible to understand the nature of mathematics without some intro- 
duction to the various calculi of symbolic logic. It is more and more evident 
that both from a practical as well as a theoretical view, symbolic logic is of im- 
portance to mathematicians. This calls for a fundamental revision of introduc- 
tory courses in the direction of an introduction of the basic concepts and pro- 
cedures of symbolic logic. To make room for this, something clearly will need 
to be omitted from the standard general mathematics course. The two alterna- 
tives have been either to cut out so-called more difficult and useless material or 
to cut down on the drill. Both of these are mistaken directions. Rather, if one 
examines standard-type texts and sees the vast amount of work devoted to so- 
called “review of fundamentals,” the possibility arises of doing something here. 
There are always three or four chapters that include material that students 
should have had in high school. This could easily be replaced by other material. 
I believe it is not too much to ask of college freshmen, especially in these days of 
mass influx and limited facilities, to be able to perform the fundamental opera- 
tions, to work with linear equations and to graph elementary functions. But one 
must warn against simply replacing chapters devoted to these reviews with 
some devoted to logic with no organic relation between the logic and the 
mathematics indicated. An excellent example of the sort of thing that can be 
done is found in the recent book by John Kemeny, J. L. Snell and Gerald Thomp- 
son entitled Introduction to Finite Mathematics.* As I read it, it meets the three 
needs I have indicated. It begins with logic and shows the relation of logical to 
mathematical notions, thereby making for a better understanding of the nature 
of mathematics. It devotes much time to probability, matrices, and sets, pro- 
viding a basis for further work in mathematics, and it devotes attention to 
the application of mathematics in the behavioral sciences, giving insight into 
the place of mathematics in our civilization. 

Knowledge of symbolic logic will inevitably profit both the professional 
mathematician, pure and applied, and the beginning student for it will help 

* John G. Kemeny, J. Laurie Snell, Gerald L. Thompson, Introduction to Finite Mathe- 
matics, 1957. 


Cf. also for the relation of logic to mathematics, E. R. Stabler, An Introduction to Mathemati- 
cal Thought, 1953; and for an approach via logic, Patrick Suppes, Introduction to Logic, 1957. 

For a general introduction to the foundations of mathematics cf. L. O. Kattsoff, A Philosophy 
of Mathematics, Iowa University Press, 1948. 

For a rather technical study cf. S. C. Kleene, Introduction to Metamathematics, Princeton, 
1952. 


For a good introduction to set-theory, cf. A. Fraenkel, Abstract Set Theory, 1955. 
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display to them what McShane has called the “two legs” on which mathematics 
stands—its “innate beauty and austere elegance” as well as its “usefulness to 
scientists and technicians of all kinds.”* 


* E. J. McShane, Maintaining communication, this MONTHLY, vol. 64, 1957, pp. 309-317. 


PSEUDO-INVERSES IN ASSOCIATIVE RINGS AND SEMIGROUPS 
M. P. DRAZIN, Northwestern University 


1. Introduction. E. H. Moore ([5], and cf. also Penrose [6], Rado [8]) has 
shown how, given any square matrix x with elements in the complex field, it is 
possible to define another matrix, coinciding with x! whenever x—' happens to 
exist, and having (even for singular x) properties leading to simple proofs of 
several theorems which yield to other methods only with difficulty (if at all). 
More precisely, Moore’s result (stated in Penrose’s form) is that, given any 


square* complex matrix x, then there is always exactly one complex matrix c 
satisfying 


cxc=c and xcx = x, 
cx and xc are both hermitian. 


Following Penrose, we denote this unique matrix c by xt, and call it the general- 
ized inverse of x; for evidence of the value of this concept, we refer the reader 
to the work of Moore and Penrose ({5], [6], [7]). 

It is clear from Penrose’s arguments that the function xt thus defined for 
square complex matrices can be extended to the elements of any finite-dimen- 
sional algebra R over the complex field by the standard device of mapping R 
isomorphically into the algebra M, of all Xn complex matrices (e.g. with 
n=1-+dim R), provided that the image of R in M, admits the operation of 
forming transposed complex conjugate matrices. However, there seems to be 
no prospect of extending Moore’s generalized inverse concept so as to apply to 
finite-dimensional algebras over a given division ring F unless F at any rate 
admits an involutory anti-automorphism such that +AmAm=0 
implies \\= --- =An=0. (This, of course, would restrict F to having zero 
characteristic.) 

In this note we show how to define a function, somewhat analogous to the 
generalized inverse function, over the elements of arbitrary finite-dimensional 
algebras, and even of an extensive class of associative rings. Indeed, all of our 


* In fact, Moore and Penrose considered rectangular matrices, but this aspect of the result is 
not relevant here. 
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theorems in Section 2 below apply equally well to arbitrary semigroups; how- 
ever, we shall for brevity, generally use the language of ring theory. 

Given any associative ring R, and any element x of R, we shall call c pseudo- 
invertible (in R) if an element c of R exists satisfying 


(i) cx = x¢, 

(ii) x™ = x™*t1¢ for some positive integer m, 
and 

(iii) c = cx. 


By Theorem 1 below, these three conditions determine c uniquely when it exists, 
so we may refer to c as the pseudo-inverse of x. We show also (inter alia) that 
the existence of such a ¢ in fact follows from the apparently much weaker 
hypothesis that elements a, 6 of R exist such that 


xP = xPtlg, xt = 


(for some positive integers p, g); in other words, pseudo-invertibility (as applied 
to a given element x of a given ring) coincides with Azumaya’s property [2] of 
strong m-regularity. Since it is known that every element of any algebraic ring 
(as defined in [3]), or of any ring with minimal condition on left or right ideals, 
is strongly z-regular, it follows that our pseudo-inverse function is applicable 
to all such rings (and, in particular, to matrices and all finite-dimensional 
algebras). The specialization of pseudo-invertibility in which (ii) above holds 
with m=1 was discussed by Azumaya, and indeed some of our arguments below 
are, formally, only slight generalizations of his: the essence of our present con- 
tribution is that (i), (ii) and (iii) determine c uniquely even when m is unre- 
stricted (and indeed variable). The case m=1 of pseudo-invertibility, but with 
(iii) omitted, was discussed by A. H. Clifford [10], who called the corresponding 
property “relative invertibility”; in view of our Theorem 4 below, this property 
of relative invertibility is, in fact, precisely equivalent to pseudo-invertibility 
with m=1. 

In our third section, we use pseudo-inverses to obtain a simple proof of 
another result of Azumaya ([2] Theorem 4). At the suggestion of a referee, we 
describe, in a concluding section, another way of looking at pseudo-inverses in 
any semigroup S: it turns out that our definition can be equivalently expressed, 
in a natural and simple way, in terms of certain idempotents and maximal sub- 
groups of S. After Moore’s and Penrose’s work, it seems not unreasonable to 
hope that the pseudo-inverse may prove to be a useful tool in dealing with those 
rings in which it is everywhere defined, and that the publication here of the 


basic properties of pseudo-inverses may perhaps serve as a starting-point for 
other applications. 


2. General results on pseudo-inverses. In this section we establish a number 
of facts about pseudo-inverses in rings (or semigroups) not subjected to any 
global conditions. First and most fundamentally, we have 
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THEOREM 1. Let R be any given associative ring (or semigroup), and x any 
element of R. Then x has at most one pseudo-inverse in R, and, if a pseudo-inverse 
for x does exist, 1t commutes with every element of R which commutes with x. 


Proof. Let 1, c2 satisfy conditions corresponding to those imposed on ¢ by 
(i), (ii) and (iii) of our definition of pseudo-invertibility, say with integers m1, m2 
in (ii). Then, on writing m=max (m;, m2), the conditions on c, cz arising from 
(i), (ii) certainly imply 


(A) = = 
while those arising from (i), (iii) certainly imply 


(B) ct, = 

And in fact (A), (B) together imply that c,=c. For, by induction from (B), 
we have q=cit!x*, (kR=1, 2,---+), and in particular =c{t'x", 
C2=x™cz't', whence, by (A), 


m+l m m+1 m+1 
Thus x has at most one pseudo-inverse c. Also, if y is any element of R satis- 
fying xy = yx, then, by (ii) and (i), we find 


cx™y = cyx™ = cyx™*¢ = cx™ yo = x™yc, 


whence c™+1x™y =x™yc™+!; but, as above, (iii) gives c=c™+!x™, and so, using (i) 
again, we conclude that 


cy = = = = 


as required. 

In view of Theorem 1, we may denote the unique pseudo-inverse of a given 
pseudo-invertible element x by x’; obviously, whenever x~' exists in the ordinary 
sense, then x’ exists and x’ =x~!. It should be noted that, when it is defined at 
all, x’ is independent of what ring we think of x as lying in (in the sense that, if 
Ry, are subrings of a given ring R and lies in Ri/\ Re, having pseudo-inverses 
C1, C2 in Ry, Re respectively, then c, c2, being pseudo-inverses for x in R, must co- 
incide). 


1. Jf x, +--+, x; are given pseudo-invertible elements (of some 
ring) with x,x.=0 (s, t=1,---, j; s¥t), then m+ +--+ +x; is also pseudo- 


Proof. There will clearly be no loss of generality in supposing from the out- 
set that j=2; and it will also be convenient to write u, v in place of x1, x2. By (i), 
the hypothesis uv =vu (=0), and a double application of the last part of Theo- 
rem 1, we see that wu, v, u’, v’ all commute with one another; further, by (iii), 


| 
| 
J 
| 
| 
| 
) 
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any product of these which simultaneously involves u or u’ and also v or v’ can 


be expressed as a product involving both u and v, and must consequently van- 
ish. Hence 


(w’ + v')(u + v) = (w+ + 0’), 
(u! + v')2(u + v) = + = 
and, choosing m so large that u™=u™*!u’, vb"=v™+!y’, we have 
(4 + + 0’) = oly! = + = (u + 0)™; 


by the first part of Theorem 1, the result now follows. 

Given any pseudo-invertible element x of a ring, then, by (ii), there will be 
a unique (positive) integer 7(x) such that x"=x™+t!x’ for every m2i(x) but for 
no m<i(x). We shall refer to i(x) as the index of x; again, provided that it does 
indeed exist, this integer 1(x) does not depend on what ring we regard x as 
lying in. If x is not pseudo-invertible, then we take 7(x) = © conventionally. 

The special case of Theorem 1 in which m;=m,=1 is, apart from differences 
in terminology, just Azumaya’s ([2] Lemma 1) with the existence clause 
omitted ;* our next result, however, is of interest chiefly when i(x) >1. 


THEOREM 2. Let x be any pseudo-invertible element (of some given ring) and k 
any positive integer. Then x* is pseudo-invertible, with (x*)’ = (x’)*, and i(x*) is the 
unique (positive) integer q satisfying 0 Skq—i(x) <k. 


Proof. By (i), x*(x’)* = (x’)*x*. Also, by induction from (ii), (iii) respectively, 
we have x*@) =xi@)+i(x’)i, x’ =(x’)i*1xi (j=1, 2,---), so that, since kg2i(x), 

(x’)* = = ((x’)*) 
Thus (x’)* satisfies the conditions for (x*)’, and i(x*) Sq. 
Finally, i(x*) <q would mean that (x*) = (x*) @(x’)*, and, since x’ = x*-1(x’)*, 
this in turn implies that x*(¢-) = = +1y’, whence, by the defini- 
tion of i(x), we should have k(g—1) 27(x), contrary to our definition of q. 


THEOREM 3. Given any element x of a ring, then if x is pseudo-invertible so is 
x’; in fact x’ has index 1 whenever it exists, and then x" =x*x', 


To prove this, one has merely to verify that, if c satisfies (i), (ii) and (iii), 
then d=x’c satisfies cd =dc, c=c*d, d=d*c. We omit the details, and also leave 


to the reader the proofs of the following equally trivial joint corollaries of Theo- 
rems 1, 2 and 3: 


* The last clause of Theorem 1 in this special case has also been set as a problem by T. Skolem 


[9]. 


| 
| 
) 


510 PSEUDO-INVERSES IN ASSOCIATIVE RINGS [September 


COROLLARY 2. Given any element x of a ring R, then x'’ =x if and only if x is 
pseudo-invertible with index 1; and, when this is the case, for any given element y of 
R, x commutes with y if and only tf x’ does. 


CoROLLARY 3. Given any pseudo-invertible element x of a ring, then (x*)" =x* 
for every integer k=i(x). 


COROLLARY 4. For any pseudo-invertible element of a ring, x’ =x’. 


We have already noted that an element x of a ring R is called strongly m-regu- 
lar in R if elements a, b of R and positive integers p, g exist such that 


(1) xP = xPtlg, xt = bxtt!, 
We now prove 


THEOREM 4. Given any element x of a ring R, then x is pseudo-invertible in R 
if and only if it ts strongly mw-regular in R. 


Proof. That pseudo-invertibility implies strong z-regularity is obvious (even 
without using (iii)). Conversely, we shall show that (1) implies (i), (ii) and (iii) 
with m=max (p, g) and c=x™a™t!, 

We note first that (1) gives 


= ym = 


so that x"a=bx™t!.a=b-x™t1a=bx™, whence, by induction, x"a*=)b*x™ 
(k=1, 2,---). Thus our choice c=x"a™t! can equivalently be written c 
=b™t!y™ and we have: 


(i) xc=x-x™a™t1 --- =cx by symmetry; 
(ii) By another induction, x™=x™+*a* (k=1, 2,---), and so 


(iii) By (i) and (ii) which we have just proved, 
Cx = x6 = = ymtic. ymgmtl = ¢, 


It is clear from this proof that (1) ensures that i(x) Smax (p, g), and (cf. 
[2] Lemma 3) indeed it is easy to see that in fact i(x) Smin (, g): for if, say, 
p<q, then (1) gives x? so that = 
-at-? =x%qt-? =x”, In view of this, our Theorem 4 includes Azumaya’s Theorem 
3, in which he proved that strong 7-regularity implies the existence of c satisfying 
(i) and (ii); we can arrange for uniqueness only by introducing some additional 
restriction such as (iii). For a discussion of the implications subsisting between 
strong m-regularity (7.e., pseudo-invertibility), right w-regularity, left m-regular- 
ity and m-regularity, we refer the reader to Azumaya’s paper. 


Corotiary 5. Let R be any finite-dimensional algebra. Then, for any given 
xER, x’ exists and lies in the subalgebra generated by x. 


: 
kis 
4 
= ymtl. ymgmtl] — ymt(mtl) — 
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Proof. If R has dimension k, then x, x?, - - - , x*+! are linearly dependent, 
and so, for some 7$k+1, x! is a linear combination of x/+!, x/+?,---, hence 
even of x/+? and higher powers. Thus x is strongly z-regular, with a=6 in (1) ex- 
pressible as polynomials in x (without constant terms); the corollary now fol- 
lows from the form of c in the proof of Theorem 4 above. More generally, the 
result clearly holds even for all “algebraic rings” (in which, by definition, there 
corresponds to each element x an integer j(x) such that x’) is a linear combina- 
tion of x?@+! and higher powers).* 

We remark that, immediately from the definition and uniqueness property, 
the operation of taking the pseudo-inverse (when such exists) of a given element 
commutes with all homomorphisms and antihomomorphisms of the containing 
ring. In particular, for any matrix algebra over the complex field, the pseudo- 
inverse of the complex conjugate (or transpose) of a given matrix is the same 
as the complex conjugate (or transpose) of the pseudo-inverse. Thus the pseudo- 
inverse of a given complex matrix x is real (symmetric, hermitian, etc.) whenever 
x is; and, even for arbitrary square complex matrices, it can be shown (e.g., 


by using (iii) and Corollary 5) that the property of having all eigenvalues real 
and nonnegative is also preserved. 


3. Sufficient conditions for pseudo-invertibility in rings. 

Following Azumaya, we call an element x of a ring R right w-regular in R 
if a positive integer p and an element a of R exist such that x? = x?t!q. In these 
circumstances we shall define the right index of x in R, denoted by r(x) (or more 
precisely rr(x)), as the smallest integer p occurring in any such representation; 
and we take r(x) = © whenever x is not right m-regular. Thus r(x) is defined for 
all elements of R; and we define the left index I(x) =Ilp(x) of x in R similarly. 
Then, for any given x, we know from Theorem 4 that 7(x) is finite (7.e., x is 
pseudo-invertible) if and only if r(x), /(x) are both finite, while our remark fol- 
lowing Theorem 4 shows that then in fact§ r(x) =1(x) =7(x). 

This “local” result (7.e., concerning only the single element x) is new, but a 
still more striking “global” result has been known for some time ([4] p. 74). 
Given any subset T of a ring R, let us write 


i(T) = supi(x), =supr(x), UT) = sup /(x), 


where each upper bound is taken over all xT (with the natural convention 
for infinite valuest). Obviously r(T) $i(T), and Kaplansky’s result (or rather 


* In the case of a square matrix x over an algebraically closed field F, we could alternatively 
prove the existence of x’ by combining Corollary 1 (for 7=2) with the well-known fact that x is 
similar over F to diagonal (u, v), where u, v are square matrices over F with u (if occurring) nil- 
potent and »v (if occurring) nonsingular. 

§ For a pseudo-invertible element x, the common value of r(x), (x) and i(x) coincides with the 
value of the “index of x” as defined by Azumaya (whose definition concerned only pseudo-invertible 
elements); but it is important in what follows that r(x), (x) and i(x) are meaningful for arbitrary x, 
and that r(x), (x) (separately) can be finite even for nonpseudo-invertible x. 

t More precisely, we take i(T) = © whenever the i(x) with x€ T are finite but unbounded, and 
also whenever i(x) = © for some x©T; and similarly for r(T), (T). 


4 
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a slightly-strengthened form of it) is that, if r(R) is finite, then so is 7(R) and in 
fact 1(R) =r(R); moreover, by our final remark in the previous paragraph, we 
even have i(x) =r(x) =l(x)< for each xER. 

To motivate the next theorem (which was discovered by Azumaya, and does 
not seem readily extensible to semigroups), we note first that our definitions of 
1(x), r(x), l(x) are of course consistent with the accepted meaning of the “index” 
of a given nilpotent element of a ring. More precisely, every nilpotent element 
x is clearly pseudo-invertible (with x’=0), so that i(x) =r(x) =l(x)< ©, and 
satisfies x*@) =0, (since =xi@)+*(y’)* for arbitrarily high k, while 
x‘@)-1=(0 would contradict the definition of i(x)). Thus, if MW = N(R) denotes the 
set of all nilpotent elements of the ring R, then we always have i(N) =r(N) 
=1(N) (possibly all infinite), and 1(N)) < © expresses the condition that the nil- 
potent elements of R have bounded index. 

In ({[2] Theorem 4), Azumaya generalized Kaplansky’s result that the finite- 
ness of r(R) implies that of 7(R); replacing the finiteness of r(R) by that of i(N), 
he showed that this obviously weaker hypothesis in fact implies that i(x) Si(N) 
whenever r(x) (or 1(x)) is finite. We present now a new and very simple proof, 
bearing only a slight resemblance to Azumaya’s (and none to Kaplansky’s), of 
this result. 


THEOREM 5. Let R be any associative ring whose nilpotent elements have bounded 
index (1.e., with finite bound i(N)). Then every right m-regular element x of R is 
pseudo-invertible, with 1(x) =r(x) =I(x) Si(N). 


Proof. Given any right r-regular element x of R, say with x? = x?+!a, we shall 
first show that x is necessarily pseudo-invertible; by Theorem 4, it will be 
enough to find bE R and a positive integer g such that x?=bx?t!, 

Now, by induction, we have x? =x?+*a*, and so 


(x? gk) = 0 (k = 1, 2, eee 


Also each of the 2‘ monomials in the expansion of (x*—a*x?+*)* has x?t+* as a 
right-hand factor provided only that pr=p+k, and so, for each k, we have 
(x? —a'x?t*)‘+1=0 for large enough ¢. Hence, by our hypothesis that i(N) is 
finite, it follows that (x? —a*x?+*)i®) =0, so that (k=1,2,---). 
Choosing k= (i(N) —1)p+1, we deduce that an element b of R exists such that 
x?=bx%t!, where g=1i(N)p. 

Thus x is pseudo-invertible, so that (i) and (ii) clearly give (x—x*x’)™"=0 
for some m, whence (x —x?x’)#() =0; hence, by (i), x*) =x*()+1y for a suitable 
polynomial y in x, x’ (with integer coefficients and no constant term), and so, 
finally, by (i) and the proof of Theorem 4, we can conclude that i(x) Si(N). 
(Also, incidentally, we have the explicit representation x’ =x?a?*'), 


CoROLLARY 6. Let R be any associative ring whose nilpotent elements have 
bounded index. Then, if every element of R is right x-regular, R must in fact be 
boundedly right n-regular, i.e. r(R) is finite, and indeed r(R) =i(R) =i(N)<@. 
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To deduce this from the theorem, we have only to note that r(R) Si(R) Si(N) 
=r(N)Sr(R) (the inequality 7(R) <i(N) following from Theorem 5 and the 
hypothesis of the corollary, while the other relations are obviously true in any 
ring); and of course Kaplansky’s result is included in Corollary 6. We remark 
also that, by Azumaya’s ([2] Theorem 5), one may, in the hypothesis of Corol- 
lary 6, replace “right m-regular” by “z-regular.” 

Some familiar examples of rings satisfying the hypotheses of Corollary 6 are 
(a) rings with minimal condition on (say) right ideals, and (b) algebraic rings of 
bounded degree (or, more generally, of bounded index); but it is already known 
(see [1] Theorem 3.1 and [4] p. 74) that rings of type (a) have 7(R), /(R) finite, 
and this is obvious in case (b). However, Arens and Kaplansky’s proof that 
r(R) is finite in case (a), though brief enough, depends on the Wedderburn-Artin 
structure theory, and it would be gratifying to find a direct proof. We mention 
in this connection that, since every element x of any ring of type (a) is (from 
consideration of the descending chain of principal right ideals generated by the 
powers of x) clearly right z-regular, it would, in view of Corollary 6, suffice to 
prove (directly) the finiteness of i(V); and, for this, since the rings in question 
have nilpotent (Jacobson) radicals, only the semisimple case need be considered. 


4. Concluding remarks. The author is grateful to a referee for pointing out 
that, even in the context of arbitrary semigroups, the definition of pseudo- 
invertibility can be rephrased in a way that may perhaps make it more im- 
mediately available as a tool for tackling certain problems. To do this, given any 
element e of a semigroup S, let G, denote the set of all elements a€S such that 


(a)ae =ea =a, and (8) ab = ba =e for somebES. 


Clearly, if G, is nonempty, then e is necessarily idempotent, and, conversely, 
we have (this being, essentially, Lemma 1.3 of Clifford’s paper [10]). 


THEOREM 6. If e is idempotent, then G, is a group with e as identity element, 
and moreover every subgroup G of S containing e is in fact a subgroup of G,. 


Proof. To prove the first assertion, it clearly suffices to show that, given any 
a€G,, we can find an inverse for a in G,; and (e being idempotent) this is im- 
mediate, since (a), (8) for a and any corresponding b imply that ebe€G,, so that 
ebe is the inverse of a in G,. 

For the second assertion, we have only to note that e must be the identity 


of any subgroup G in which it lies, so that (a), (8) are immediate for all a€&G, 
as required. 


CoROLLARY 7. The maximal subgroups of S are precisely the subgroups G, with 
e idempotent. 


We next have 


THEOREM 7. Given any element x of a semigroup S and any positive integer m, 
then the statement 
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(1) x is a pseudo-invertible element of S with index at most m 
1s equivalent to 
(2) there is an idempotent eG S such that ex =xeCG, and x™CG,,. 


Proof. To see that (1) implies (2), we mention first that (i) and (iii) of the 
definition of pseudo-invertibility imply that e=xc=cx is idempotent. Also, by 
(i), ex=xe and (ex)e=e(ex)=ex, while (iii) gives (ex)c=c(ex) =e; hence ex 
=xeCG,. Similarly, (ii) becomes x™=x™e, so that x"e=ex™=x™, while (i) and 
(iii) give x™c™=c™x™ =e, whence x™€G, and (2) follows. 

Conversely, given (2), let ¢ denote the inverse of ex=xe in the group G,. 
Then ce=ec=c and cex=xec=e, whence cx=xc=e and c=ce=c’x, which are 
(i) and (iii). Finally, if xGG,., then we have x™=x"e=x™*!c, which is (ii). 


CorROLLary 8. An element x of S is pseudo-invertible with i(x) =1 if and only if 
x belongs to some maximal subgroup of S. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL 
COMPETITION 


L. E. BUSH, Kent State University 


The following results of the eighteenth William Lowell Putnam Mathe- 
matical Competition held on February 8, 1958, have been determined in ac- 
cordance with the constitution of the competition. This competition is sup- 
ported by the William Lowell Putnam Intercollegiate Memorial Fund left by 
Mrs. Putnam in memory of her husband and is held under the auspices of the 
Mathematical Association of America. 

The first prize, four hundred dollars, is awarded to the Department of 
Mathematics of the Polytechnic Institute of Brooklyn, Brooklyn, New York. 
The members of the team were Martin Isaacs, Donald Passman, and Lawrence 
A. Shepp; to each of these a prize of forty dollars is awarded. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of Harvard University, Cambridge, Massachusetts. The members 
of the team were Jonathan L. Alperin, Everett C. Dade, and Stephen Lichten- 
baum; to each of these a prize of thirty dollars is awarded. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of the University of Toronto, Toronto, Ontario. The members of 
the team were David R. Brillinger, (Mrs.) Marion Green, and Carl R. Riehm; 
to each of these a prize of twenty dollars is awarded. 

The fourth prize, one hundred dollars, is awarded to the Department of 
Mathematics of the University of Manitoba, Winnipeg, Manitoba. The mem- 
bers of the team were Ian Connell, Wilbur Jacob Jonsson, and Philip James 
Peebles; to each of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are David R. Brillinger, University of Toronto; Donald J. C. Bures, 
Queen’s University; Richard Dudley, Harvard University; Joseph Lipman, 
University of Toronto; and Lawrence A. Shepp, the Polytechnic Institute of 
Brooklyn. Each of these will receive a prize of fifty dollars. 

The six succeeding persons (tenth and eleventh tied) ranking highest in the 
examination, named in alphabetical order, are Robert Hartshorne, Harvard 
University; John R. F. Hewett, University of Toronto; Stanley Kaplan, Cornell 
University; H. Jerome Keisler, California Institute of Technology; Stephen 
Lichtenbaum, Harvard University; and J. G. Petersen, Stanford University. 
Each of these will receive a prize of twenty dollars. 

The following teams, named in alphabetical order, won honorable mention: 
California Institute of Technology, Pasadena, California, the members of the 
team being Luis Baez-Duarte, H. Jerome Keisler, and Charles J. Stone; College 
of the City of New York, New York, New York, the members of the team being 
Samuel Klein, Eugene Luks, and David Shelupsky; Rice Institute, Houston, 
Texas, the members of the team being David M. Dahm, Donald J. Deckard, and 
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Burton Randol; and Wesleyan University, Middletown, Connecticut, the mem- 
bers of the team being Benjamin Day, Justus Diller, and Robert T. Fisher. 

Fourteen individuals were given honorable mention. The names, alpha- 
betically arranged, are: Everett C. Dade, Harvard University; David M. Dahm, 
Rice Institute; Ronald Graham, University of Alaska; George Hannauer, Ober- 
lin College; Paul B. Kantor, Columbia University; Samuel Klein, College of the 
City of New York; Alan Vernon Lemmon, Washington University; Dale Nel- 
son, Knox College; Guillermo Owen, Fordham University; Donald Passman, 
Polytechnic Institute of Brooklyn; Philip James Peebles, University of Mani- 
toba; Carl R. Riehm, University of Toronto; William Silvert, Brown Univer- 
sity; Harold Nathaniel Ward, Swarthmore College. 

A total of 539 individuals from 96 institutions entered the competition this 
year. Of this number 109 individuals and 3 institutions were unable to compete, 
due to various reasons. Therefore, a total of 430 undergraduates from 93 insti- 
tutions actually took part in the competition. 


The following is a list, in alphabetical order, of all colleges and universities which entered 
teams in the competition: Agricultural and Mechanical College of Texas, Alabama Polytechnic 
Institute, Arizona State College (Flagstaff), Arizona State College (Tucson), Blackburn College, 
Boston University, Brandeis University, Brown University, California Institute of Technology, 
Carleton College, Carnegie Institute of Technology, Case Institute of Technology, Central Michi- 
gan College, College of the Holy Cross, Columbia College, Cornell University, Dartmouth College, 
Fairleigh-Dickinson University, Fordham University, Geneva College, Georgia Institute of Tech- 
nology, Harvard University, Incarnate Word College, Kenyon College, Knox College, Lebanon 
Valley College, Livingstone College, Massachusetts Institute of Technology, McGill University, 
Mississippi State College, New York University, Oberlin College, Polytechnic Institute of Brook- 
lyn, Princeton University, Purdue University, Queen’s University (Kingston, Ontario), Radcliffe 
College, Sacramento State College, Saint Francis Xavier University, Saint Martin’s College, Saint 
Olaf College, San Jose State College, Southwestern Louisiana Institute, Stanford University, 
State College of Washington, Stevens Institute of Technology, Swarthmore College, The Cardinal 
Stritch College, The College of Saint Thomas, The College of the City of New York, The Rice 
Institute, Tufts University, University of Buffalo, University of British Columbia, University of 
California (Berkeley), University of California (Davis), University of California (Los Angeles), 
University of Detroit, University of Houston, University of Illinois, University of Kansas, Univer- 
sity of Kentucky, University of Manitoba, University of Michigan, University of Minnesota, 
University of Notre Dame, University of Oregon, University of Rochester, University of Santa 
Clara, University of Toronto, Union College, United States Naval Academy, Wake Forest College, 
Wesleyan University, and Yale University. 

The following colleges and universities, in alphabetical order, entered individual contestants 
only: Albertus Magnus College, Arizona State College (Tempe), Bowling Green State University, 
Central College, Duke University, Duquesne University, Florida Southern College, Grinnell 
College, Hope College, Kent State University, Marian College, Park College, Queens College 
(Flushing, N. Y.), Southeastern State College, The Ohio State University, University of Alaska, 


University of Ottawa, University of Washington, Ursinus College, Washington University, and 
West Virginia Wesleyan College. 


The individual rankings of contestants (except for the relative ranks of the 
first five) may be obtained by any department of mathematics for the purpose 
of selecting graduate students. 

The problems given to those participating in the competition, together with 
a write-up of the solutions, will appear in a later issue of this MONTHLY. 


| 
= 


MATHEMATICAL NOTES 
EpiTEp By Roy Dusiscu, Fresno State College 


Material for this department should be sent to Roy Dubisch, Department of Mathematics, 
Fresno State College, Fresno 26, California 


REMARK ON A RECENT NOTE ON LINEAR FORMS 
P. T. BATEMAN, University of Illinois and Institute for Advanced Study 


Suppose that a, d, and s are positive integers and that a and d are coprime. 
For given integral m consider the solvability in integers xo, x1, - - - , x, of 


(1) (a+ sd)x,, % 20,4,20,---,% 20. 


Put N=ga+(d—1)(a—1), where g is the smallest integer greater than (a—2)/s- 
Generalizing a classical result [2] for the case s=1 and a theorem of Alfred 
Brauer [1] for the case d=1, J. B. Roberts [3] has recently proved: 

If n>N, then (i) is solvable. If n= N—1, then (1) is not solvable. (In short, 
N-—1 is the largest integer for which (1) is not solvable.) 

Although Roberts’ proof is elementary, it is very involved. Here we present 
a much simpler proof. 

Putting y;= > -5., x; for i=0, 1, ---, s, we see that the solvability of (1) 
in integers Xo, x1, , X, is equivalent to the solvability in integers yo, 1, - 
y, of 


(2) n=aytdyt-- 


Now for a given yo the integers expressible in the form y+ --- +y, with 
yo2y= +--+ 2y, are precisely the integers z such that 0SzSsyo. Thus the 


solvability of (2) in integers yo, yi, - + *, Ys is equivalent to the solvability in 
integers y, 2 of 


(3) n = ay + dz, OS2zS sy. 


Accordingly it suffices to discuss the solvability of (3). 

First suppose = N. Since a and d are coprime there exists an integer z such 
that dz=n (mod a) and 0SzSa—1. Hence n—dz=ay, where y is an integer. 
Further 


ay = n — dz => n— d(a— 1) = N — d(a — 1) = ga — (a — 1) > (g — 1)a. 


Thus y>g—1; that is, y2g. By assumption sg>a—2; that is, sg2a—1. Con- 
sequently 


sy2sg2a-—-12z. 


Thus (3) is solvable and therefore (1), so that the first assertion of Roberts’ 
theorem is proved. 


Now let »=N—1. Suppose y and 2z are integers such that n»=ay+dz and 
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220. Since N—1=a(g—1)+d(a—1), we have z=a—1 (mod a). Hence z2a—1 
and ySg—1, so that 


sy 


Thus (3) and (1) are not solvable in this case and Roberts’ theorem is com- 
pletely proved. 
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THE MATRIX EQUATION X?—J=0 OVER A FINITE FIELD* 


Joun H. Honces, University of Buffalo 


1. Introduction and notation. Let GF(g) denote the finite field of order g. 
In this paper we consider the problem of determining the number 
N=N{x?-1, m} of mXm matrices X over GF(qg) such that X?—J=0. The 
more general problem of determining the number V { E(x), m} of m Xm matrices 
X over GF(q) which satisfy the equation E(X) =0, where E(x) is a polynomial 
with scalar coefficients over GF(q), will be treated in a later paper. 

Except as indicated, Roman capitals A, B, - - - will denote square matrices 
of order m over GF(q). I; will denote the identity matrix of order t. We will need 
the following well-known formula for the number g; of nonsingular matrices of 
order ¢ over GF(q): 


t t—1 


We shall consider separately the two cases where g is odd and even in Sec- 
tion 2 and 3 respectively. 


2. X?—I=0 for g odd. Let N= Nj for g odd. If X is an mXm matrix which 
satisfies the equation X?—J=0, since the minimum polynomial of X must 
divide x?—1=(x—1)(x+1), the elementary divisors of x] —X are of the form 
x+1.If xI—X hast elementary divisors of the form x—1 and m—t of the form 
x+1, then it follows ([2] p. 241) that X is similar to J;=diag (I:, —Im-:) with 
0<t<m. Conversely, it is easily seen that if X is similar to some J;, then 
X?—J=0. Thus X is a solution of the equation if and only if it is similar to 
some J;, 0Sism. 

Let So(m, t) be the number of distinct m Xm matrices X which are similar 
to J;. Since no matrix X is similar to more than one such J; it follows that 


* Invited address to the Upper New York State Section of the Mathematical Association of 
America at Skidmore College on May 4, 1957. 

The research for this paper was supported in part by National Science Foundation Research 
Grant G-2990. 
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(2.1) No{x? — 1, m} = >> So(m, 2). 
t=O 


Now as P runs through all nonsingular matrices of order m, P-'J,P runs 
through all mXm matrices X which are similar to J;, each X appearing the 
same number of times, namely as-many times as J; itself appears. But if 
P-'J,P =J,, then P is a nonsingular matrix which commutes with J;. Therefore 
the number of times each matrix X which is similar to J; appears as the value 
of the form P-'J,P is the number C)(m, t) of nonsingular matrices P of order m 
which commute with J;. Recalling that g,, is the number of nonsingular matrices 


of order m and that So(m, t) is the number of m Xm matrices X which are similar 
to J;, it follows that we have 


(2.2) gm = So(m, t)Co(m,t) 
It can easily be shown by a direct calculation that 
(2.3) Co(m, t) = 


Then by substituting (2.3) into (2.2), solving for So(m, t) and substituting into 
(2.1) we get 


THEOREM 1. The number of mXm matrices X over GF(q), g odd, satisfying 
the equation X*?—I=0 is 
1 
(2.4) No{x* — 1, m} = gm ——> 
t—0 
where g, is given by (1.1) for 0<tSm and go=1. 
Using the g-binomial coefficients defined by 
ee (1 — 
r 0 


we are able to give an interesting formula for No{x*—1, m}. Substituting for 
Zm; Zt) Zm—t in (2.4) the explicit values given by (1.1) and simplifying gives 


(2.6) No{ x? 1, m} = q ‘ (1 q*) 


where the value of the inner product is taken as 1 when t=m. For fixed ¢, 
0 <t<™m, in view of the definition (2.5), 


({ — g**) m—t (1 [ m | 


Finally, substituting (2.7) into (2.6) we get 
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(2.8) No{z* — 1, m} = 


3. X?—I=0 for g even. Let N=N, for g even. In this case, if X is anm Xm 
matrix which satisfies the equation X*?—J=0, since the minimum polynomial 
of X must divide x?—1=(x—1)*, the elementary divisors of xJ—X are of the 
form x—1 or (x—1)*. If x!—X has ¢t elementary divisors of the second form 
and m—2¢ of the first, then X is similar to H,;=diag Ei, -- +, Es) 
where E;=E for all «1 and E is the companion matrix of (x—1)*. Thus we see 
that X is a solution of the equation if and only if it is similar to some H;, 

Proceeding as in the first case, let S,(m, t) be the number of distinct m Xm 
matrices X which are similar to H;. Then we have 


(3.1) N.{x? —1,m} = S.(m, 2). 


Also as before, if C.(m, t) is the number of nonsingular matrices of order m which 
commute with H;, then 


(3.2) &m = S-(m, t)C.(m, t). 


Now, L. E. Dickson ({1] p. 235) has given a somewhat complicated formula 
for the number of nonsingular matrices of order m commuting with a given 
matrix A of order m, in terms of the degrees of the prime factors of the minimum 
polynomial of A and the number and exponents of the various powers of these 
prime factors which are elementary divisors of A. We will not take the space to 
state this formula here, but using it we find that the number of nonsingular 
matrices of order m which commute with H;, for 0S2tsm, is 


(3.3) Ce(m, t) = 


where g; is defined by (1.1) for 0<¢tSm and go=1. Therefore, using (3.3), (3.2) 
and (3.1), we get 


THEOREM 2. The number of mXm matrices X over GF(q), q even, satisfying 
the equation X*—I=0 is 


(3.4) N.{x? —1,m} = gn 


Os2tsm 
where g, is given by (1.1) for 0<tSm and go=1. 


The author’s investigations have not disclosed a representation for N, cor- 
responding to the representation of No given by (2.8). 
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AN ELEMENTARY PROOF OF THE ERDOS-MORDELL THEOREM 
Leon BanxkorfF, Los Angeles, California 


The Erdés-Mordell Theorem states that if O is an arbitrary point within a 
triangle ABC and P, Q, Rare the feet of the perpendiculars from O upon sides BC, 
CA, AB respectively, then OA+0B+OC22(0P+0Q+0OR). 

A request by Paul Erdés for a proof of this theorem appeared as Problem 
3739 of this MONTHLY (June-July 1935, p. 396), and almost two years later 
(April 1937, pp. 252-254) a brief trigonometric solution by L. J. Mordell was 
published, along with a considerably longer trigonometric solution by D. F. Bar- 
row, who, in addition, showed that the equality sign holds only when triangle 
ABC is equilateral and O is the centroid of the triangle. A discussion of the 
theorem by L. F. Téth in 1953 ([1] pp. 12-14, 28) induced the search for a 
simple and elementary proof of the theorem by the methods of synthetic 
geometry. Such a proof has recently been supplied by D. K. Kazarinoff [2], and 
this proof has been extended by N. D. Kazarinoff [3] to establish an analogous 
theorem about the tetrahedron. An appropriate analog for the theorem in 
Euclidean n-space, »>3, has not yet been formulated.* 

The following synthetic proof of the Erdés-Mordell Theorem seems simpler 
and more elementary than that of D. K. Kazarinoff. 


Let P:P2, Q:Q2, denote the respective orthogonal projections of RQ, 
PR, QP on BC, CA, AB. Then 


(1) OA + OB + OC 2 OA(P;P + PP2)/RQ + OB(QQ + QQ2)/RP 
+ OC(RiR + RR:2)/PQ. 
Because of the equality of angles ROB and RPP, in the cyclic quadrilateral 


BPOR, the right triangles PRP; and OBR are similar and P}P=RP-OR/OB. 


In a like manner we find PP,;,=PQ-0Q/0C; Q,0=PQ-OP/OC; QQ:=RQ 
-OR/OA; R:R=RQ-0Q/0A and RR,=RP-OP/OB. 


Substituting in (1) and grouping terms with respect to the factors OP, OQ, OR, 
we obtain 


RP-OC  PQ-OB PQ-0A RQ-0C 
04 +08 2 oP( + )+ 00( ) 
PQ-OB RP-OC RO-OC + 50-04 


RP-OA RQ-OB 
RQ-OB RP-OA 
References 
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+ or( ) 2 2(0P + 02 + OR). 


* The references given in the second paragraph were furnished by the referee. 
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CLASSROOM NOTES 
Epitep By C. O. Oakey, Haverford College 


All material for this department should be sent to C. O. Oakley, Department of Mathe- 
matics, Haverford College, Haverford, Pa. 


TERSE TRIGONOMETRY 
C. M. Futon, University of California, Davis 


This is an attempt at formulating a new approach to trigonometry. Its con- 
ciseness and rigor should make it suitable for good students. The basic idea is a 
truly general definition of the trigonometric functions. 

Let P(x, y), x*+y?=1, be on the terminal side of an angle @ and P’(x’, y’), 
x’?+-y’?=1, on its initial side. The angle with its vertex at the origin O is con- 
sidered positive or negative according as the rotation involved is counter- 
clockwise or clockwise. We define 


(1) cos 6 = xx’ + yy’, sin 6 = yx’ — xy’. 

Interchanging the sides of the angle it is seen that 

(2) cos (—6) = cos 8, sin(—6) = — sin 6. 
The following identities are easily established: 

(3) (xx! + yy’)? + (yx! — xy’)? = 1, 

(4) (x — 2’)? + (y — y')? = 2 — 2(ax’ + yy’). 


The meaning of (3) is obvious. Identity (4), on the other hand, is crucial in that 
it shows the invariance of the definition of cosine: if the angle is rotated, the 
distance PP’ remains unchanged and so does the cosine. Hence, because of (3) 
the same is true for the square of the sine. Moreover, a continuity argument will 
take care of the sine itself. It should be apparent to the reader that, in order to 
save space, we are using technical rather than pedagogical language in this 
discussion. 

We now use the invariance demonstrated above and place the angle in 
standard position letting x’=1, y’=0. The definitions (1) reduce to 


(5) cos 0 = x, sin 6 = y. 


Let us remind ourselves at this stage that the much-stressed trigonometric 
identities involving one angle only could all be written as algebraic identities 
by using (5). Returning to definitions (1) we denote by @ and a’ the angles in 
standard position whose terminal sides are OP and OP’, respectively. Then 
6 and a—a’ differ by some integral multiple of 360° and with the aid of (5) we 
obtain the formulas for cos (a—a’) and sin (a—a’). On account of (2) the cor- 
responding formulas for a+a’ are easily derived. Eventually, the so-called 
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reduction formulas follow as special cases. All these derivations are, of course, 
completely general. 


Clearly, the definitions (5) can be changed to the usual form cos @=<x/r, 
sin @=y/r by taking a point P at a distance r from the origin. This leads directly 
to the solution of right triangles. Furthermore, identity (4) is generalized to 

(x — x’)? + (y — y’)? = + — 2rr’ cos 8, 
which is precisely the law of cosines. May we be allowed to suggest at this point 
that for practical purposes the latter be rewritten as a haversine formula, namely 
c? = (a — b)? + 4ab hav y+. 


Finally, to find a trigonometric formula for the area of triangle OP’P, let 
x’ =r’, y’=0, y>0. Then the area K = =}r’'r sin 8. Wecan now prove the law 
of sines without difficulty, using the formula for K. 


GENERAL SOLUTIONS OF LINEAR ORDINARY DIFFERENTIAL EQUATIONS 
R. D. Larsson, Clarkson College of Technology 


Texts on ordinary differential equations define linearity and develop the 
properties of the linear differential equations, but then fail to use these properties 
to the maximum extent possible. 

Consider the homogeneous differential equation with constant coefficients 

d*y 
a2 
dx? 


dy 
+ ai— + ay = 0. 
dx 


Assuming a solution of the form y =e™ we obtain roots of the auxiliary equa- 
tion m =m, mz and the general solution is y = cie™* + coe™™ if m, ~ mo. 
Using the property that linear combinations of solutions are solutions, 


emt — 
m, — Me 
is a solution. 
emiz ema 
y= lim 
mimma — Mo 
is a solution for m;= mz. 
Using L’H6pital’s Rule 
y= lim = xem 


is a solution, and y = cixe™™ + c2e"* is the general solution. 

Consider Euler’s differential equation a2x*y” +a:xy’+aoy=0. Assuming a 
solution of the form y=x™ we obtain roots of the auxiliary equation as 
m =m, mz and the general solution is if 
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Again using the property that linear combinations of solutions are solutions, 


— M2 
is a solution. 
— 
y= lim ——— 
™, — Me 
is a solution for m,= mz. 
Using L’H6pital’s Rule 
y= lim = 
mi~m: 


is a solution. y = cix™* In x + cox™ is the general solution. 

Why not use these basic principles to obtain the results above instead of a 
different device for each type of equation? 

But to extend this principle even further, consider the second order differ- 
ential equation with a regular singular point at x=0. 


d*y dy 
a2(x) 7 + a(x) = + ao(x)y = 0. 


Using the method of Frobenius we assume a solution of the form 
y= = F(x, 
We get roots of the indicial equation k = ki, ke. Assume k2= hy. 


Case 1. ke=k;. If this does not lead to the general solution, suppose 
limz.z, F(x, Rk) is a solution. 
By the property of linearity 


F(x, k) — F(x, ke) 
m 


iad = k — ke 

is a solution. Therefore 
OF (x, k) 
y = lim = 
1 
is a solution, and 
OF(x, k) 
herd + coF (x, ke) 


is the general solution. 
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Case II. k2>k;. ke will give a particular solution. If ke differs from k; by an 

integer, ki may then give another solution, or limz.x, (k —k:) F(x, k) = F(x, ke). 
(k — ki) F(x, k) — F(x, ke) 


rk k— ky 


is a solution, or 


F(x, k)] 
1) F(x, k) 


= lim 
1 


and 
y = lim — [(k — ki) F(x, k)] + coF (x, he). 
Ok 


Under Case II, for the solution of Bessel’s differential equation, where 
y =J,(x) with m an integer and J,(x) =(—1)"J_,(x), we write 


(cos mr) J n(x) — J_n(x) 
yn(x) = lim 
n—integer sin nr 


to obtain the solution of the second kind. This again can be evaluated by 
L’H6pital’s Rule. 

My thesis is that if one can use the same property throughout the work it is 
easier for the student to follow, and to remember, the basic principles. Trick 
devices are interesting but do not iend themselves to an extension of the theory. 
The above method may be used when two particular solutions become identical 
in the limit and when the equation is homogeneous and linear. 


ON THE SLOPES OF PERPENDICULAR LINES 
S. LEapER, Rutgers University 


The usual proof that the slopes of lines which meet at right angles are nega- 
tive reciprocals is based upon a trigonometric identity. A geometric proof can 
be given using the theorem that the interior altitude of a right triangle is the 
geometric mean of the segments into which it divides the hypotenuse. 

Let O be the intersection of the lines /; and 1, which meet at right angles. 
We exclude the case in which either line is vertical by assuming both lines have 
slopes. Draw a horizontal segment OA extending one unit to the right of O. 
Draw a vertical line through A meeting /, at B, and /, at Bz. Then the slopes 
m, and mz, are given respectively by the directed vertical segments AB, and AB. 
Since these segments have opposite directions, the product mm, is negative. 
Now OA is the interior altitude of the right triangle B;OB:. Therefore, |OA|? 
=|AB,| | ABz|. That is, 1 =| Finally, since mym; is negative, —1. 


y= 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpiTtEp By Howarp EvEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1326. Proposed by P. L. Chessin, University of Maryland 


With » straight line segments of lengths 1, 2, 3, ---,m, how many non- 
degenerate triangles can be constructed? 
E 1327. Proposed by Marlow Sholander, Carnegie Institute of Technology 


A confirmed angle-watcher marked the angle a formed by the hands of a 
clock. Some time later he noticed that the hands trisected a. In how short a 
time could this have happened? How soon after 3:00 could one start such an 
experiment? 


E 1328. Proposed by Winton Laubach, Colorado School of Mines 


A ray from the origin intersects the circle p=1 at C and the spiral p=e®, 
6>0, at S. Tangents to the circle at C and to the spiral at S intersect at P. 
Identify the locus of P. 


E 1329. Proposed by Jose Gallego-Diaz, Vanderbilt University 


A spherical square is a spherical quadrilateral whose four sides are equal and 
whose four angles are equal. If we let a, b, c denote the areas of the spherical 
squares constructed on the legs and hypotenuse of a right spherical triangle, 
show that 


tanh“ (sin c/4) = tanh“ (sin 6/4) + tanh™ (sin a/4). 
526 
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E 1330. Proposed by J. L. Pietenpol, Columbia University 


Find the limit of the infinite product []*., (1+1/a,), where a;=1, dn 
=n(dn-1+1). 


SOLUTIONS 
A Generalization of E 1242 


E 1296 [1958, 42]. Proposed by Beckham Martin, Owens-Illinois Glass Co., 
Toledo, Ohio 


Problem E 1242 [1957, 433] says that the circle orthogonal to the circles 
(A’), (B’), (C’) inscribed in the squares constructed exteriorly (or interiorly) on 
the sides of a triangle ABC is concentric with the nine point circle of triangle 
A’B’C’. Show, more generally, that all circles cutting the circles (A’), (B’), (C’) 
under angles a, 6, y, respectively, where 


cos asin A = cos # sin B = cosy sin C, 
are concentric with the nine point circle of triangle A’B’C’. 


Solution by Victor Thébault, Tennie, Sarthe, France. Let a, b, c denote the 
sides BC, CA, AB of triangle ABC, R the circumradius of triangle ABC, N’ the 
nine point center of triangle A’B’C’, (w) the circle with center w and radius r 
which cuts (A’), (B’), (C’) under the angles a, 8, y such that 


cos asin A = cos# sin B = cosy sinC = k, 


and M one of the points of intersection of (A’) and (w). By the law of cosines, 
applied to triangle A’wM, we have 


(A’w)? = (wM)* + (A’M)? + 2(A’M)(wM) @, 
which gives 
(A'w)? — a?/4 = r? + ar cosa = r? + 2Rrcosasin A = r? + 
In this way we find 
(1) (A’w)? — a?/4 = (B’w)*? — 67/4 = (C’w)? — c?/4 = + 


Now, if r’ denotes the radius of the circle having center N’ and orthogonal to 
(A’), (B’), (C’), we have 


(2) (A'N’)? — a?/4 = (B’N’)? — 62/4 = (C'N’)? — 2/4 = 
Subtracting (2) from (1) we find 
(A’w)? — (A’N’)? = (B’w)*? — (B’N’)? = (Cw)? — (C’N’)?, 


from which it follows that w coincides with N’. 


Also solved by D. R. Brillinger and D. C. B. Marsh. 
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Concerning the Product of a Number by Its Reversal 
E 1297 [1958, 42]. Proposed by D. C. B. Marsh, Colorado School of Mines 


In Solution II of Problem E 1243 [1957, 434] occurs the following conjecture 
for proof or disproof: When an integer and its reversal are unequal, their 
product is never a square except when both are squares. 

Show that for any »>2 there is a nonsymmetric, nonsquare, m digit integer 
whose product with its reversal is a square. 


Solution by Joe Lipman, University of Toronto. If n is odd we may take the 
number as 2(10*-!+2)?, where k= (n+1)/2; if 2 is even we may take the number 
as 11(10*-'+2)?, where k=n/2. 


Also solved by Merrill Barnebey, D. M. Brown, Michael Goldberg, Naoki Kimura, M. S. 


Klamkin, W. M. McKeeman, Otto Mond, C. S. Ogilvy, Benjamin Sapolsky, W. B. Stovall, Jr., 
and the proposer. 


Editorial Note. Many solvers gave numbers with unorthodox reversals, such as 2(10%*) and 
11(10**), 


An Infinite Nesting of Parentheses 


E 1299 [1958, 43]. Proposed by P. L. Chessin, Westinghouse Electric Corpora- 
tion 


Find the limit of 1+x(1—x[1+2x(1—x[1+ --- ])]), for |x| <1. 
I. Solution by T. H. Slook, Temple University. Removal of parentheses gives 
i+2— 2 — 24+ 


which converges absolutely for |x| <1. We may then regroup terms to obtain 
(1 + 2)(1 — 2° + — +--+), 
which, for | x| <1, represents (1+x)/(1+<?). 


II. Solution by Joe Lipman, University of Toronto. The given series is ab- 
solutely convergent for | x| <1, therefore it has a limit Z, which then must 
satisfy L=1+x(1—xL). Hence L=(1+x)/(1+2’). 


Also solved by J. L. Alperin, A. G. Anderson, Philip Bacon, Edward Barbeau, Merrill Barne- 
bey, A. P. Boblétt, Julian Braun, D. A. Breault, D. R. Brillinger, E. W. Brown, C. N. Campopiano, 
A. E. Danese, T. W. Daniel, J. E. Darraugh, R. S. Dinsmore, E. S. Eby, S. J. Einhorn, E. L. Ellis 
and D. L. Muench (jointly), G. V. Emerson, G. W. Erwin, W. V. Gamzon, H. M. Gehman, 
Michael Goldberg, Ronald Gordon, R. E. Graf, Donald Greenstein, Emil Grosswald, J. W. Haake, 
R. H. Hou, A. R. Hyde, N. S. Kandalgaonkar, Seymour Kass, M. A. Kirchberg, M. S. Klamkin, 
J. D. E. Konhauser, Morton Kupperman, P. S. Landweber, R. L. London, W. M. McKeeman, 
D. C. B. Marsh, C. T. Molloy, Jr., Otto Mond, Morris Morduchow, J. B. Muskat, D. E. Myers, 
C. S. Ogilvy, F. D. Parker, D. J. Peterson, C. F. Pinzka, L. A. Ringenberg, Jeff Ritterman, D. A. 
Robinson, H. D. Ruderman, D. L. Schell, Francis Sevier, Paul Shaefer, Arnold Singer, D. L. Smith, 
O. E. Stanaitis, W. B. Stovall, Jr., Donato Teodoro, C. W. Trigg, Chih-yi Wang, Walter Wieben- 
son, B. G. Willis, Clement Winston, David Zeitlin, and the proposer. 
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A Class of Determinants 
E 1300 [1958, 43]. Proposed by D. A. Robinson, University of Wisconsin 
Let D,, D2, D3 - - - be the determinants 


Ve 
111 6 4.4 
1 2 O|, 123 0 
012 01230 


respectively. Find the value of D, for any positive integer n. 


Solution by A. R. Erskine, Pennsylvania State University. D, may be de- 
scribed as follows: The first row consists of m+1 ones followed by »—2 zeros. 
The next »—2 rows are the cyclic permutations of this row which introduce 
successively 1, 2,-++-,m-—2 zeros on the left. The mth row consists of the 
integers from 1 to n followed by »—1 zeros. The remaining »—1 rows are the 
corresponding cyclic permutations of the mth row. 

To evaluate D,, from row k+n-—1 subtract the sum of the rows indexed 
from k to k+n-—2 inclusive, giving k successively the values 1, 2,---,m. 
This will produce a triangular matrix. The first » elements on the main diagonal 
will be 1; the last 7 —1 elements will be »+1. Hence D, has the value (m+1)*—. 


Also solved by A. G. Anderson, Edward Barbeau, Merrill Barnebey, W. J. Blundon, D. R. 
Brillinger, E. W. Brown, A. E. Danese, T. W. Daniel, J. W. Gammill, W. V. Gamzon, Michael 
Goldberg, Emil Grosswald, J. W. Haake, B. A. Hausmann, S.J., M. S. Klamkin, J. D. E. Kon- 
hauser, Morton Kupperman, Joe Lipman, D. C. B. Marsh, Otto Mond, C. S. Ogilvy, Jeff Ritter- 
man, Benjamin Sapolsky, Nathan Schwid, O. E. Stanaitis, C. W. Trigg, L. H. Tulloch, and the 
proposer. 


ADVANCED PROBLEMS AND SOLUTIONS 
Epitep By E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well- 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4798. Proposed by John McCarthy, Dartmouth College 


Let a, - - - , @, be algebraic numbers linearly independent over the rationals. 
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Show that there is a positive constant C and an integer N such that if 
* * , M, are rational integers not all zero then 


= 


This generalizes Liouville’s theorem on the approximation of algebraic numbers 
by rationals. 


4799. Proposed by K. L. Chung, Syracuse University 


Find a function continuous in (0, 1] without any interval of constancy which 
takes on rational values almost everywhere. 


4800. Proposed by N. S. Mendelsohn, The University of Manitoba 
Let {u,} be a sequence with a recurrence formula of the form 


| + + mao | 


Unti = + + * + 


where do, « - - , @, are real constants. Show that the sequence obtained by taking 
every rth term of this sequence satisfies a recurrence of the same length; i.e., 


if =Urn for n=1, 2,---, there exist constants Ao, ---, Ax such that for 
n=k+1, k+2,---, 


Ynt1 = + t+ + 
4801. Proposed by S. W. Golomb, Pasadena, California 


Let R(m) denote the minimum number of terms required in representing 
as a sum of squares. If m is restricted to perfect numbers, show that 


2 for odd 2, if any; 
R(n) forn = 6; 
4 for even n ¥ 6. 
4802. Proposed by Ky Fan, Oak Ridge National Laboratory 


Let A =(a,;) be a real symmetric matrix of order n(23) and of rank 33. 
If A is positive semi-definite and if a;;=1 (177), then 


Max a;; = 4 cosec? w, — 1, 


where w, = 1/6(n—2). 


4803. Proposed by D. J. Newman, AVCO Research and Development, Law- 
rence, Mass. 


Let >canx* be analytic at 0 and suppose an>0, Gn4idn_1>n?. Prove that 


the expansion 1/ }>a,x" has all negative coefficients (except for the constant 
term). 
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SOLUTIONS 
Feuerbach Hyperbola Tangent to Circumcircle 
4751 [1957, 509]. Proposed by Victor Thébault, Tennie, Sarthe, France 


If the Feuerbach hyperbola of a triangle ABC, with orthocenter H and in- 
center J, is tangent to the circle ABC, then it is also tangent to one of the 
circles BCH, CAH, ABH, and its focal axis is the perpendicular bisector of IH. 
(The Feuerbach hyperbola is the equilateral hyperbola determined by the four 
points, A, B, C, and I.) 


Solution by the proposer. Since the Feuerbach hyperbola % passes through 
A, B, C, it must be tangent to circle ABC at one of these points, say A. Now, 
under the isogonal transformation set up by triangle A BC, an equilateral hyper- 
bola corresponds to some line through the circumcenter O of ABC. It follows 
that 3, being an equilateral hyperbola passing through the fixed point J, must 
correspond to the line OJ. Since the isogonal conjugate of the ray through A 
tangent to circle ABC at A is parallel to BC, it follows that OJ is parallel to BC. 

Under the isogonal transformation set up by triangle HBC, hyperbola X, 
since it also passes through H, corresponds to a diametral line of circle HBC. 
This line must have the same orientation as OJ, and hence is parallel to BC. 
It now follows that & is tangent to circle HBC at point H. 

By elementary geometry it is easy to show that the tangent to circle HBC 
at H is parallel to the tangent to circle ABC at A. Hence A and H are dia- 
metrically opposite points on %, and the center of H is the midpoint w of AH. 
Since the center of % is the internal Feuerbach point of triangle ABC, we see 
that wl =r, the radius of the inscribed circle of triangle ABC. Also, if M is the 
midpoint of BC, AH=20M =2r. It follows that wl =wH, and the focal axis of 
K is thus the perpendicular bisector of JH. 


Also solved by J. W. Clawson, who used complex coordinates. 

Editorial Note. The figure is rich. One may show, among other things, that AJH is a right tri- 
angle, K is tangent to OJ at IJ, OJ =(b—c)/2, r=R cos A (where R is the circumradius of triangle 
ABC), 8Rr=4R*—(b—c)?, cos B-+cos C=1. For an analytical study of the isogonal transformation, 
see, ¢.g., D. M. Y. Sommerville, Analytical Conics, London, 1924. 


Quadrics with Common Points 
4754 [1957, 596]. Proposed by T. G. Room, University of Sydney, Australia 
Given the four quadrics 
L = x? + dyz — cyt + bat = 0, M = y* + dzx + cxt — azt = 0, 
N = 2? + dxy — bxt + ayt = 0, K = f° — ayz — box — cxy = 0. 


Show that if 1+a*+b'+c+d'+3abcd=0 then they have six points in com- 
mon, and otherwise, none. 


Solution by the proposer. If the four quadrics have six common points, then, 
included in the triply infinite (*) system 
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¢ = aL + BM + yN + 6K = 0, 


there is a net (linear ©* system) of which the base is the unique twisted cubic 
which passes through the six points. Conversely, if there exists such a net, since 
¢ is completely determined by this net and one other quadric, and this quadric 
meets the twisted cubic in six points, it follows that all the quadrics pass through 
these six points. 

Write + 3abcd, 


A = a? + bed, B = 6? + cad, C = c? + abd, D= @ + abe. 


It is to be proved that the linear ©? system py determined in ¢ by the 
parameters which satisfy 


Aa+ BB+ Cy+ 


consists, if A=0, of quadrics with a common twisted cubic, and the main theo- 
rem is then proved. 
All quadrics of the pencil (linear 1 system) 


aL + BM + yN = 0, Aa+ BB+Cy=0 


contain the line x/a = y/b =2/c, and meet therefore residually in a twisted cubic. 
This line meets a general quadric of y in the two points (a, b, c, +d’), where 


d’? = d? + 4abc. 
We find similarly for y altogether eight base points, namely 
(a, b,c, +d’), (ta’,b, —c,d), (—a, +8’,c,d), (a, —b, te’, d). 


It is easily proved that in general no four of these points are coplanar, so that 
the base of the system y is either this set of 8 (associated) points, or a twisted 
cubic. None of these 8 points lies on any other quadric of ¢, so that unless y 
has a base twisted cubic, the four original quadrics have no common points. 

The system y will have a twisted cubic for base only if there is a cone of the 
system with its vertex at each base point of y, and it will be sufficient if we can 
find cones for two such points. 

The point (a, b, c, d’) is the vertex of a cone in the system y if 


a2a + Bc(d + d’) + yb(d — d’) = 0 
ac(d — d’) + B2b + ya(d + d’) = 0 
ab(d + d’) + Ba(d — d’) + y2c = 0 
62d’ = 0 


The last equation is linearly dependent on the others (with 6=0 and multi- 
pliers a, b, c, 0, —2); the first four can be solved for a, B, y, 5, if 


iit 
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2a c(d+d’) b(d-—d’) 
c(d — d’) 2b a(d+d’) | =0, 
b(d+d’) a(d—d’) 2c 
i.e., if abcA =0. 
In the same way we find that each of the 8 points is the vertex of a cone 
in the system y if A=0. Two of these cones meet, apart from the line joining 


their vertices, in a twisted cubic which passes through all 8 points, and which 
therefore lies on all quadrics of y. 


A Permutation Problem 
4755 [1957, 596]. Proposed by Chandler Davis, Institute for Advanced Study 


In how many ways can the first ” positive integers be arranged in alternately 
increasing and decreasing order? That is, how many permutations 7: 7(1),---, 
a(n) are there such that the quantities for k=1,---, 
n—1 have all the same sign? 

Solution by W. J. Blundon, Memorial University of Newfoundland. Let P, 
be the required number of arrangements of the first positive integers, under 
the restriction that the common sign of the stated quantities is negative. 
The integer u, being the largest in the set, is necessarily of the form (272), 
i=1, 2,---+, [n/2]. The integers to the left of m can be chosen in (3-4) 
ways, and each such selection can be arranged in P2;; ways. The integers to 
the right of m can be arranged in Py»; ways. Hence 


[n/2] n—1 
P, = m=1,2,---, 
2i-—1 


where, for convenience, we define P»>=1. Putting P,=7!Q,, we have 


[n/2] 
Qo = 1; nQ, = Q2i-10n-2:, =1,2,--- 
rary 


Define f(x) = }>*_) Q.x". Then it is easily verified that 
(f(a)}* = — 1+ 2f'@). 
The solution of this differential equation gives 


secx-+ tanz = f(x) = P,x"/n!. 
n=O 


From the well-known expansions of sec x and tan x, we have 


Ba n even, 
P, = 1) 


B, n odd, 


n+i1 
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where the B’s are alternately Bernoulli numbers and Euler numbers 
(1/6, 1, 1/30, 5, ---,). 

We now remove the restriction of the first sentence of this solution. Then, 
by symmetry, the required number of arrangements is 2P,, (except when nm =1, 
when the restriction has no meaning). The number of arrangements for small 
n is given by 


n 7 8 9 10 
2P, 1 2 4 10 32 122 544 2770 15872 101042 


Also solved by W. H. Furry, E. C. Milner, L. E. Clarke, A. van Heemert, and the proposer. 


Editorial Note. Using known expansions for the tangent and secant, Furry gets the result in 
the form 


Py = {1 + (—3) + + 
For large m the convergence is rapid, and the first term provides a good asymptotic expression for 
Pr. 

The proposer notes an obvious connection with his problem no. 4714 [1957, 679-680]. He 


notes also that, because of the uniqueness of the Taylor expansion, P, is the mth derivative of 
sec x+tan x, evaluated at x=0. 


Real Functions 


4756 [1956, 596]. Proposed by J. L. Massera, Institute of Mathematics and 
Statistics, Montevideo, Uruguay 


Let p(x, - Xn), G(x1, +, be two real functions of m real variables 
x;, defined and continuous in a parallelotope R: 0Sx;Sa;< ©. Assume that 
-- )=0 whenever x:x2 - - - x,=0, and that p(m, -- -)>0, 
g(a, --+)20, when xx - - -x,#0. Prove that there exists a real function 
h(u) of a real variable u, defined, continuous and strictly increasing for u=0, 
h(0) =0, such that throughout R 


h{ )} < ). 


Solution by Neill McShane, Yale University. Let x=(x1, +--+, Xn). Since R 
is a compact domain, the continuous function r(x) defined implicitly by 9¢(x) 
=r(x)p(x) is bounded above uniformly by some number ro. Assume q(x) not 
identically 0, since otherwise the problem is trivial. Then ro>0. h(u) =u/2ro 
satisfies the demands of the problem, for 


h(q(x)) = 9(x)/2ro = r(x) p(x)/2r0 < p(x). 
Also solved by J. Horv4th and by the proposer. 


Identity Related to the Beta- Function 
4757 [1957, 596]. Proposed by O. P. Aggarwal, University of Washington 
Prove for every integer »=0, and for any positive c, 


: 
~ 
& 
- 
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_ TOM + 1) 

k= k/(c+k)? 


Solution by Tien Chi Chen, IBM Research Center, Ossining, N. Y. Both 
sides of the equation are equal to —dB(c, n+1)/dc. This is because 


1 n 1 
B(c, + 1) -f — 4)"di = 


by expanding (1—#)" and integrating. Differentiating with respect to c and 


changing sign, we have the left-hand side of the equation. For the right-hand 
side we obtain 


n! 

n! 1 


Also solved by R. G. Buschman, L. Carlitz, J. E. Darraugh, Emil Grosswald, Irwin Guttman, 
Peter Henrici, R. D. James, M. S. Klamkin, Margaret M. LaSalle, D. C. B. Marsh, F. D. Parker, 
A. K. Rajagopal, B. E. Rhoades, D. A. Robinson, S. C. Saunders, E. M. Scheuer, Blagovest 
Sendov, R. E. Simmons, Chih-yi Wang, Morgan Ward, David Zeitlin, and the proposer. 

Editorial Note. As noted by James, a sequence of similar formulas may be derived by compar- 
ing higher derivatives of @(c, m+1) or by noting, for example, that A(c, n+1)—A(c+1, n+1) 
=A(c, n+2). 


B(c,n +1) = 


d = 


RECENT PUBLICATIONS 
EpITED By RIcHARD V. ANDREE, University of Oklahoma 


All books for review should be sent directly to R. V. Andree, Department of Mathematics, 
University of Oklahoma, Norman, Oklahoma, and not to any of the other editors or officers of 
the Association. 


SELECTED MATHEMATICS BOOKS FOR HIGH SCHOOL LIBRARIES 


The National High School and Junior College Mathematics Club, Mu Alpha 
Theta, which is sponsored by the Mathematical Association of America, has 
prepared a list, containing five sections of about twenty-five dollars valuation 
each, of selected mathematics books for high school libraries. This list will 
provide a well-balanced mathematics library on the high school and junior 
college level. The list is selective rather than extensive. Copies may be secured 
by sending a self-addressed, stamped envelope to Richard V. Andree, Depart- 


ment of Mathematics, University of Oklahoma, Norman, Oklahoma, requesting 
the high school book list. 
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Reason and Chance in Scientific Discovery. By R. Taton, Translated by A. J. 
Pomerans. Philosophical Library, New York, 1957. xii+171 pp. $10.00. 


Korzybski in his general semantics defines plants as energy binders, animals 
as space binders, and man as a time binder. One is tempted to extend this 
epigrammatic definition to that rare subspecies of Homo sapieiis, the geniuses, 
as idea binders. Taton’s book is a survey of the subtlest form of idea-binding: 
invention and discovery. 

What leads to an invention? Can we discover the laws of discovery? These 
are much-mooted questions, and the answers vary widely. Some writers main- 
tain that “the act of discovery is purely an accident and owes nothing to reason 
or logic” (Nicolle). This view is rejected by Taton. Especially with regard to 
mathematical discovery he follows Poincaré and Hadamard in assuming the 
existence of two more-or-less distinct types of mind: the logical and the in- 
tuitional, or the analyst and the geometrician. The former proceeds by sus- 
tained and methodical effort, while the latter, as described vividly in Poincaré’s 
self-analysis, may arrive at his results in three stages: first, conscious but often 
fruitless concentration (“stirring of ideas”), followed by a period of rest and 
incubation (subconscious processing of ideas), which stage may end happily by 
sudden illumination and insight, requiring merely verification for its completion. 

In the observational and experimental sciences, however, the role of chance 
in discovery cannot be denied, but even here Taton holds with Pasteur that 
chance helps those whose minds are well prepared for it. Another point that he 
develops and illustrates convincingly by historical examples is the fact that a 
discovery must be attributed not only to its author, but also to its epoch. Scien- 
tific discoveries usually appear at the right time and proper background. Pre- 
mature discoveries are not appreciated by their contemporaries, and even their 
authors are frequently unable to perceive their full significance. Still another 
fact: error has occasionally played a paradoxically fruitful role in discovery. 

Taton concludes his compact and erudite survey with a word of warning and 
apprehension regarding the increasingly collective character of modern research. 
While the advantages of this development are unquestionable, the dangers of 
putting the accent on the immediately profitable and of reducing individual 
initiative are undeniable. 

The book is handsomely illustrated and the translation reads smoothly, dis- 
regarding an occasional solecism like “this phenomena.” 

Pincus ScHuB 
University of Pennsylvania 


An Analytical Calculus. Vol. IV. By E. A. Maxwell. Cambridge University 
Press, New York, 1957. ix+288 pp. $4.00. 


This is the final volume in a series of classroom textbooks by the author 
covering the calculus and early stages of analysis. The volume under review is 
divided into three sections: 1) Ordinary differential equations, 2) Functions 
defined by infinite series and integrals, and 3) La Place and related equations. 


- 
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The theme of the book is set forth in the first section and it is directed towards 
enabling the student to develop skill and confidence in solving differential equa- 
tions. Among the assets of the book are 1) its spirit of liveliness and intellectual 
honesty, 2) selection of topics, 3) careful statements of the conditions under 
which the techniques used are correct, 4) numerous examples worked out in 
detail to illustrate when the techniques succeed or fail, and 5) an abundance of 
exercises for the student. His proof of theorems, when given, are well within 
the understanding of the calculus student. The emphasis on the first section is 
on the mth order differential equation with constant coefficients; in the second 
section, which is the largest, on a) handling of series including termwise integra- 
tion and differentiation, b) improper integrals and the differentiation and inte- 
gration of functions defined by integrals, and c) an introduction to Fourier 
series; the third section contains an excellent introductory treatment of the La 
Place, heat, and wave equations, Jacobians, and spherical harmonies. Special 
functions such as the Bessel, Beta, Gamma, and Legendre functions are dis- 
cussed. The book is distinctive and well written. 

PASQUALE PORCELLI 

Illinois Institute of Technology 


The Fascination of Numbers. By W. J. Reichmann. Essential Books, Fair Lawn, 
New Jersey, 1957. 176 pp. $4.00. 


This work is intended for the general reader, and purports to show in a 
simple way the behavior and structure of numbers and their relation to each 
other. 

Many of the recreational aspects of numbers are discussed, magic squares, 
puzzles, Russian multiplication and so on. Many of the famous problems 
accessible to the lay reader are presented, and simply, too. 

But the main intent, it seems, is to lay a foundation for serious thought and 
study on numbers. In this the author has been successful, indeed. Unlike the 
writer of a text, he has taken time to write out sequences of numbers for his 
discussion so that the lay reader or curious young student can watch the de- 
velopment of the theory. This approach suggests a method of investigation to 
the nonprofessional. Many things are proved, but the author leaves much that 
is not. Still, the numerous specific examples suggest proofs which a student of 
some maturity can devise, or find. 

A good short treatment of the positional representation is followed by two 
chapters on arithmetic series,. which together with the chapter on primes would 
alone justify the book for high school students. There is a fine discussion on 
perfect numbers which includes the fact that the known perfect numbers are 
triangular numbers. The chapter on irrational numbers develops into a gratify- 
ing elementary discussion of continued fractions. There are interesting ap- 
pendices, the last being an introduction of the geometric series as a tool of 
additive number theory. 


Perhaps the strongest contribution the book makes is to demonstrate the 
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fundamental and far-reaching character of the arithmetic series. One wishes that 
an equal treatment had been given the geometric series at, say, the expense of 
magic squares. Even so, this little book should be very stimulating to high school 
and elementary mathematics teachers who are trying to revitalize their stu- 
dents’ interest in numbers. 

Ep WALTERS 

Wm. Penn High School 


An Introduction to Probability Theory and Its Applications, Vol. I, 2nd Ed. By 
William Feller. Wiley, New York, 1957. xv+461 pp. $10.75. 


The first edition of this book (Wiley, 1950, reviewed in this MONTHLY, vol. 
59, 1952, p. 265) is so well-known that the only pertinent topic for the present 
review is the extent of the changes. 

Feller has long been interested in the probable vagaries of a single sequence 
of trials as contrasted with the mean behavior of an aggregate of sequences. In 
this connection he has inserted a new chapter (Chapter III) in which he gives 
a very elegant, yet elementary, derivation of some rather startling theorems on 
coin tossing. 

The major change is that the theory of recurrent events has been pushed 
forward so as to permeate the entire book, whereas in the first edition serious 
consideration of this theory began in Chapter 12. The result of this revision is 
a remarkable improvement in organization. 

The preface to the second edition mentions “space saved by streamlining,” 
but it must be emphasized that the streamlining is in organization, not in 
exposition. Explanations and examples have been expanded so that what was 
already an outstanding bit of exposition has been noticeably improved. Type 
has been completely reset so that these improvements occur on nearly every 
page. Kudos to Wiley for agreeing to scrap so many costly plates! The result 
is well worth the increase in price. 

One big disappointment to the reviewer: failure to distinguish between a 
function and one of its values makes the introductory discussion of random 
variables confusing. Instead of clearing this up, Feller has deleted the one sen- 
tence in the first edition that hinted at the explanation. Had he only chosen to 
expand this now-missing sentence to two pages in his usual expository style, 
it would have been a real service to the teaching of mathematics in general. 

M. E. MUNROE 
University of Illinois 


BRIEF MENTION 


A Freshman Honors Course in Calculus and Analytic Geometry. By Emil Artin. 


Committee on the Undergraduate Program, Mathematical Association of 
America, 1957. 126 pp. Free. 


The Committee on the Undergraduate Program of the Mathematical Asso- 
ciation of America has prepared this edition of Seligman’s notes on Artin’s 
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course which is taught to the upper ten or fifteen per cent of the freshmen 
students enrolled in mathematics at Princeton University. It should certainly 
be on the active bookshelf of every mathematician interested in teaching gifted 
students. The Committee on the Undergraduate Program deserves the sincere 
thanks of mathematicians everywhere for making these notes available without 
charge. Copies may be obtained by writing directly to Professor H. M. Geh- 
man, Mathematical Association of America, University of Buffalo, Buffalo 14, 
New York. 


Logical Design of Digital Computers. By Montgomery Phister, Jr. Wiley, New 
York, 1958. xvi+408 pp. $10.50. 


This is not a mathematical book even though it contains two chapters on 
Boolean algebra, including the use of Veitch diagrams to simplify Boolean poly- 
nomials. It provides an excellent illustration of the extreme importance of 
modern abstract algebra in the engineering worlds of today and tomorrow. 


Mechanical Resolution of Linguistic Problems. By Andrew D. Booth, L. Brand- 


wood, and J. P. Cleave. Academic Press, New York, 1958. vii+306 pp. 
$9.80. 


The results of the Birkbeck College Computational Laboratory on the ap- 
plication of digital computers to language translation problems are presented 
without reference to detailed programming. This book belongs in the library of 
every computing center as well as in departments of modern language. 


NEWS AND NOTICES 
EpITEepD By LLoyp J. Montzinco, Jr., University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to L. J. Montzingo, Jr., Mathematical Association of America, University of 
Buffalo, Buffalo 14, New York. Items must be submitted at least two months before publica- 
tion can take place. 


PERSONAL ITEMS 


Professor F. L. Wolf, Carleton College, represented the Association at the Observance 
of the Centennial of the Founding of Shattuck School at Faribault, Minnesota, on 
Friday, June 6, 1958. 

Professor R. E. Wheeler, Head of the Department of Mathematics of Howard Col- 
lege, represented the Association at the inauguration of Henry King Stanford as Presi- 
dent of Birmingham-Southern College on Friday, April 11, 1958. 

Professor Morris Kline, New York University, has received a Fulbright award to 
lecture at Technische Hochschule in Aachen, Germany, during the academic year 
1958-59. 

Alabama Polytechnic Institute: Mr. P. W. Lindsey, Jr., has been promoted to Assist- 
ant Professor; Mr. S. M. Lukawecki has been appointed Instructor. 


‘ 
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University of Detroit: Assistant Professor B. V. Ritchie has been promoted to Asso- 
ciate Professor; Mrs. Natalie Frazis, Mr. J. F. Lanahan, Mr. M. A. Laframboise, Mr. 
J. A. Mansour, and Mr. J. G. Sowul, have been promoted to Assistant Professors; Pro- 
fessor L. E. Mehlenbacher was a Visiting Professor and Assistant Director of the Sum- 
mer Institute for High School Teachers of Science and Mathematics at the University of 
North Dakota during the summer of 1958. 

Emory University: Associate Professor Trevor Evans has been promoted to Professor; 
Assistant Professor Henry Sharp, Jr., has been promoted to Associate Professor; Mr. 
B. K. Youse has been promoted to Assistant Professor; Mr. G. R. Flowers and Mrs. 
Peggie W. Wiegand have been appointed Instructors; Mr. F. L. Hardy begins a leave of 
absence in September in order to continue his graduate training. 

University of Hawaii: Associate Professor S. B. Townes has been promoted to Pro- 
fessor; Assistant Professor Paola Comba has been promoted to Associate Professor; 
Captain J. H. Spiller, USN (retired), and Mr. I. C. Young, University of Colorado, have 
been appointed Assistant Professors. 

Hobart and William Smith Colleges: Associate Professor R. L. Beinert has been pro- 
moted to Professor; Assistant Professor Abigail M. Mosey has been promoted to Asso- 
ciate Professor. 

Illinois Institute of Technology: Associate Professor L. R. Wilcox has been promoted 
to Professor; Assistant Professors Pasquale Porcelli and R. J. Silverman have been pro- 
moted to Associate Professors; Dr. M. A. McKiernan and Dr. H. L. Pearson have been 
promoted to Assistant Professors. 

Institute for Advanced Study, 1958-59: Dr. E. H. Batho, on leave from the University 
of Rochester, NSF grant; Associate Professor Alice T. Schafer, on leave from Con- 
necticut College, NSF Science Faculty fellowship; Professor R. D. Schafer, on leave from 
the University of Connecticut, NSF Senior Postdoctoral fellowship. 

Massachusetts Institute of Technology: Professor N. C. Ankeny was awarded a Gug- 
genheim fellowship and will be on leave 1958-59 at Cambridge University; Professor 
G. W. Whitehead will be on leave as a visiting professor at Princeton University; Assist- 
ant Professor I. M. Singer has been promoted to Associate Professor; Assistant Professor 
J. K. Moser, New York University, visiting assistant professor during the current year, 
has been appointed Associate Professor; Dr. G. E. Backus, and Dr. F. P. Peterson, 
Princeton University, have been appointed Assistant Professors; Dr. A. P. Mattuck, 
Lecturer, who is spending the current semester in England, has been promoted to Assist- 
ant Professor; Doctors R. M. Peterson, New York University, E. R. Rodemich, Stanford 
University, and J. W. Smith, Columbia University, have been appointed C. L. E. Moore 
Instructors; Dr. A. W. Adler, Princeton University, has been appointed Lecturer; Dr. 
Shoshichi Kobayashi, Institute for Advanced Study, has been appointed Research Asso- 
ciate; Dr. James Yeh, University of Minnesota, has been appointed Instructor; Dr. R. J. 
Gribben, University of Manchester, England, and Dr. Azriel Levy, Hebrew University, 
have been awarded Sloan Foreign Post-doctoral fellowships in the School for Advanced 
Study at M.I.T. 

St. Louis University: Associate Professor John Elder has been promoted to Professor. 

University of Wisconsin, Mathematics Research Center, U. S. Army: Professor E. H. 
Zarantonello has returned to his post at the University of Cuyo, Mendoza, Argentina; 
Professor Zdenek Kopal is on leave, and has resumed his post at the University of Man- 
chester, England; Professors H. F. Weinberger, University of Maryland, H. M. Schaerf, 
Washington University, and Fritz Oberhettinger, American University and National 
Bureau of Standards, are visiting members on leave from their Universities. 


Dr. A. G. Anderson, General Tire & Rubber Co., has been appointed Professor and 
Head of Department, Western Kentucky State College. 

Associate Professor D. F. Atkins, University of Richmond, has been appointed Assist- 
ant Professor at Eastern Illinois University. 


oe 
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Dr. J. L. Bailey, Michigan State University, has been appointed Assistant Professor 
at Case Institute of Technology. 

Dr. Jeremiah Certaine, Howard University, has accepted the position of Manager, 
Department of Mathematics, Nuclear Development Corporation of America, White 
Plains, New York. 


Mr. Willard Draisin, Lincoln Laboratories, has been appointed Instructor at Con- 
necticut College. 

Professor M. M. Day has been appointed Head, Department of Mathematics, at the 
University of Illinois, to succeed Professor S. S. Cairns. 

Mr. E. S. Eby, University of Illinois, has accepted a position as Mathematician with 
U. S. N. Underwater Sound Laboratory, New London, Connecticut. 

Mrs. Pauline P. Edwards, Los Alamos Scientific Laboratory, is now a Mathematician 
at the Aeronautical Chart & Information Center, St. Louis, Missouri. 

Mr. J. R. Eno, Jr., University of Idaho, has been appointed Instructor at Whittier 
College. 

Dr. R. E. Fagen, Bell Telephone Laboratories, has accepted a position as a member of 
the technical staff at Hughes Aircraft Company, Culver City, California. 

Dr. H. H. Goldstine, Institute for Advanced Study, has been appointed to the staff of 
the I. B. M. Research Center, Yorktown, New York. 

Mr. R. M. Gordon, Electro Data Division, Burroughs Corporation, Pasadena, Cali- 
fornia, has been promoted to Manager, Publications and Training. 

Mr. R. J. Graham, Eglin AFB, Florida, is now a Mathematician with ABMA, Red- 
stone Arsenal, Huntsville, Alabama. 

Assistant Professor Bernard Greenspan, Drew University, has been promoted to 
Associate Professor. As.a recipient of a National Science Foundation Faculty fellowship, 
he will be on leave at the University of California, Berkeley, 1958-59. 

Mr. J. W. Haake, Armour Research Foundation, is now a Research Engineer with 
Convair, San Diego, California. 


Mr. D. 1. Hammer, Montclair State Teachers College, has been appointed Assistant 
Professor at Adelphi College. 


Miss Virginia S. Hanly, Ohio State University, is now a Research Engineer at North 
American Aviation, Columbus, Ohio. 

Professor F. F. Helton, Central College, Fayette, Missouri, has been appointed 
Chairman of the Division of Mathematics and Natural Sciences. 

Dr. H. G. Hertz, U. S. Naval Observatory, is now with the Army Map Service, 
Washington, D. C. 


Dr. T. P. Higgins, Boeing Airplane Company, is now a Senior Scientist with Dalmo- 
Victor, Belmont, California. 


Dr. John Hilzman, Oregon State College, has been appointed Assistant Professor at 
Harpur College. 

Professor J. H. Hodges, University of Buffalo, has accepted a position as Mathemati- 
cian with Cornell Aeronautical Laboratories, Buffalo, New York. 

Mr. Edgar Karst, International Business Machines Corporation, Endicott, N. Y., 
has been appointed Assistant Professor at Brigham Young University. 

Dr. L. D. Kovach has been appointed Professor and acting head of the Department 
of Mathematics and Physics at George Pepperdine College. He will retain his position as 
design specialist at the Douglas Aircraft Company, El Segundo, California. 

Dr. Joseph Lehner, Visiting Professor at Michigan State University, has been ap- 
pointed Professor. 

Dr. M. E. Levenson, Brooklyn College, has been promoted to Assistant Professor. 

Dr. Eugene Levin, Ramo-Wooldridge Corporation, is now a Mathematician with the 
RAND Corporation, Santa Monica, California. 

Professor G. G. Lorentz, Wayne State University, was Visiting Professor at the 
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University of Tiibingen, Germany, during the second part of the Summer semester of 
1958. 


Mr. F. L. Lynch, Jr., Madison High School, Madison, New Jersey, is now Associate 
Professor at Seton Hall University. 

Mrs. Matilde C. Macagno, formerly Professor on leave, University of Cuyo, San 
Juan, Argentina, is now Research Associate, Iowa Institute for Hydraulic Research, 
State University of Iowa. 

Professor K. O. May, Carleton College, Northfield, Minnesota, will be on sabbatical 
leave in western Europe during the first semester of the academic yea> 1958-59. 

Mr. R. W. McChesney, University of Rochester, has been appointed Instructor at 
Albion College, Michigan. 


Mr. M.S. Moheban, Montana State University, is now a teacher at Park Senior High 
School, St. Paul, Minnesota. 


Mr. M. G. Ossesia, University of Pittsburgh, has been appointed Instructor at Du- 
quesne University. 

Mr. G. P. Paternoster, Roosevelt University, is now Structural Detailer and Checker 
with Johnson & Johnson Engineers and Architects, Chicago, Illinois. 

Dr. Sara L. Ripy, Vassar College, has been appointed Assistant Professor at Agnes 
Scott College. 

Mr. Jack Roseman, D. I. C. Staff, Massachusetts Institute of Technology, has been 
appointed Instructor at the University of Massachusetts. 

Mr. S. J. Scott, Vitro Corporation of America, is now Operations Analyst with 
North American Air Defense Command, Colorado Springs, Colorado. 

Mr. R. T. Seeley, Massachusetts Institute of Technology, has been appointed In- 
structor at Harvey Mudd College. 

Assistant Professor W. A. Small, Grinnell College, has been appointed Chairman of 
the Department of Mathematics. He was also Visiting Professor for the 1958 summer 
session at Nebraska State Teachers College, Chadron. 

Mr. Irwin Stoner, Cornell Aeronautical Laboratories, is now Assistant Section Head, 
Raytheon Mfg. Co., Bedford, Massachusetts. 

Professor D. D. Strebe, Teachers College at Oswego, State University of New York, 
has been appointed Associate Professor at the University of South Carolina. 


Dr. Walter Bartky, University of Chicago, died March 19, 1958. He had been a mem- 
ber of the Association for thirty-one years. 


Professor Daniel Block, Yeshiva University, died February 28, 1958. He had been a 
member of the Association for ten years. 

Mr. W. M. Bullit, Louisville, Kentucky, died on October 3, 1957. He had been a 
member of the Association for thirty-two years. 

Associate Professor Emeritus C. F. Lewis, Kansas State College, died on April 4, 
1958. He had been a member of the Association for twenty-six years prior to his retire- 
ment. 

Mr. P. W. A. Raine, Newport News High School, died October 14, 1957. He had been 
a member of the Association for eighteen years. 

Professor Emeritus G. E. Ramsdell, Bates College, died February 2, 1958. He was a 
charter member of the Association. 

Professor S. J. Smith, State Teachers College, Lock Haven, Pennsylvania, died 
January 21, 1958. He had been a member of the Association for twenty-seven years. 


Dr. Marion B. White of Pasadena, California, died January 30, 1958. She was a 
charter member of the Association. 
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THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for a three-year term 
beginning July 1, 1958 by a mail vote of the membership of the Association in the Sec- 


tions indicated: 


Kansas 

Missouri 

New Jersey 
Northeastern 

Ohio 

Pacific Northwest 
Southeastern 
Southwestern 

Upper New York State 


R. G. Smith, Kansas State College, Pittsburg 
W. R. Utz, Jr., University of Missouri 
William Feller, Princeton University 

F. M. Stewart, Brown University 

G. M. Merriman, University of Cincinnati 

A. T. Lonseth, Oregon State College 

G. B. Huff, University of Georgia 

Charles Wexler, Arizona State College at Tempe 
H. S. M. Coxeter, University of Toronto 


The highest percentage of votes cast was in the Kansas Section, where votes were 
received from more than 52% of the membership. 


H. M. Geuman, Secreiary-Treasurer 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 198 
persons have been elected to membership by the Board of Governors on applications duly 


certified. 


RoBert D. Apams, _ B.S.(Northwestern) 
Teaching Asst., University of Minnesota. 

Joun J. AEBERLY, C. E. (Illinois Tech.) Chief, 
Bureau of Heating, Ventilation and Indus- 
trial Sanitation, Chicago, Illinois. 

WALTER A. ALBRECHT, JR., Ph.D. (Ohio S. U.) 
Asso. Professor, Long Beach State College, 
California. 

Gary E. ANDERSON, Student, Abilene Christian 
College. 

Maryse Baber, B.A. (California) Instr., Se- 
attle University; Student, University of 
Washington. 

MERvIN R. BARNES, JR., Student, University of 
California, Riverside. 

MarGARET M. BASKERVILL, Ph.D. (Alabama 
Poly.) Professor, Shorter College. 

CHarLEs Batcuior, M.S.(Howard) Mathe- 
matician, U. S. Army Map Service, Wash- 
ington, D. C. 

Joun E. Beam, Student, University of Kansas. 

Rosert C. BELscAMPER, M.S.(Iowa S.C.) 
Mathematician, Remington Rand Univac, 
St. Paul, Minnesota. 


Puituipe R. BENDER, B.S.(Purdue) Asst. Pro- 
fessor, Milwaukee School of Engineering, 
Wisconsin. 

Witt1am H. Benson, M.S.(M.I.T.)  Pri- 
vate, United States Army, Ft. Lee, Vir- 
ginia. 

PauLinE J. Biccs, Student, University of 
Oklahoma. 

Rosert L. BLerKxo, M.A.(Penn. S.U.) _Instr., 
Pennsylvania State University. 

Wuu1aM F. BLoseE, Student, Oklahoma State 
University. 

SAMUEL B. BLUMERT, Student, Cooper Union. 

Joun M. BosseErt, Student, University of Cali- 
fornia, Los Angeles. 

Gary T. BosweELL, Student, Texas Christian 
University. 

GERALD A. Bottorrr, Student, Seneca High 
School, Louisville, Kentucky. 

Ben B. Bowen, A.B.(U.C.L.A.) Teacher, 
Vallejo Junior College, California. 

Joan E. Brenizer, M.A.(Texas) Instr.. 
Lamar State College of Technology. 
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Mrs. Mary L. BricuaM, M.A.(Baylor) In- 
str., Baylor University. 

Arcuie D. Brock, B.S.(Northwestern S.C., 
Oklahoma) Grad. Student, University of 
Oklahoma. 

Ropert R. Brown, M.A.(Southern Cali- 
fornia) Manager, Special Projects, 1.B.M. 
Beverly Hills, California. 

J. Canitt, M.A.(Harvard) Senior 
Engineer, Boeing Airplane Co., Patrick 
A.F.B., Florida. 

MEtvan D. Carter, Student, University of 
Oklahoma. 

Nep Y. H. Caanc, Student, Washington & 
Jefferson College. 

Bruce L. Cuirton, Student, University of 
Buffalo. 

PETER J. CurisLer, M.A. (California) Teach- 
er, Sacramento Junior College. 

Lestie C. A.F.R. Aero S. (Royal 
Aero. Soc.) Design Engineer, Sikorsky 
Aircraft, Bridgeport, Connecticut. 

PETER S. Cook, B.S. (Nebraska S.T.C., Chad- 
ron) Asst. Professor, Scottsbluff College. 

RicHarD W. Cort e, B.A.(Harvard) Teach. 
Fellow, Harvard. 

Joun F. CunNINGHAM, Student, St. Johns Col- 
lege, Jamaica, New York. 

ALLEN S. Davis, Student, University of Okla- 
homa. 

NatHan L. Davis, B.S.(Ohio) Instr., Lan- 
caster High School, Lancaster, Ohio. 

Laurence A. Drypen, M.S.(Fort Hays 
Kansas S.C.) Instr., Fort Hays State 
College. 

Joun R. Dursin, B.A.(Wichita) Teach. Fel- 
low, University of Wichita. 

Epwarp G. ELpDER, Student, University of 
Oklahoma. 

Famorari, Jr., Student, Massachu- 
setts Institute of Technology. 

LEONARD FELDMAN, Ed.D. (California, Berke- 
ley) Asst. Professor, San Jose State Col- 
lege. 

Mrs. E. Fercuson, Ph.D. (Washing- 
ton, St. Louis) Asst. Professor, Washing- 
ton University; Senior Research Asst., So- 
cial Science Institute, St. Louis. 

ALVARO FERLINE, M.S.(Chicago) Asst. Pro- 
fessor, New Haven State Teachers College. 

Rev. JAMEs J. FiscHer, S.J., M.S. (Fordham) 
Instr., Fordham University. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


[September 


Henry E. FLEMING, Student, Harpur College. 

PuILip FRANDINA, Student, University of Buf- 
falo. 

Stuart M. FRrRiepMAN, M.A. (Columbia) 
Chairman of Department, Los Angeles 
Harbor Junior College, Wilmington, Cali- 
fornia. 

RoBertT H. M.S. (Pittsburgh) Asst. 
Professor, Gettysburg College. 

Joun N. Fuj 11, M.A. (Columbia, T.C.) Instr., 
Oakland Junior College (Merritt). 

W. B.S.(Delta S.C.) 
Acting Instr., Mississippi State College. 

Epita T. Garpner, B.S.(Ft. Valley S.C.) 
Grad. Student, University of Chicago. 

Frank C. GERMAN, M.A. (Illinois) Professor, 
Kansas State Teachers College, Pittsburg. 

RicHarD R. Gero, Student, Hofstra College. 

Nancy L. GETCHELL, Student, University of 
Maine. 

QaMARUDDIN K. GuorI, M.S. (Pakistan) 
Teaching Asst., University of British Co- 
lumbia. 

Scott K. Grsson, M.S.(M.I.T.)  Instr., Flor- 
ida Southern College. 

CHarLtes H. GrapmMan, M.A.(Ohio S.U.) 
Asso. Professor, Texas Western College. 

MIcHAEL GOLDSTEIN, Student, Polytechnic In- 
stitute of Brooklyn. 

Paut M. GRaBARKEwITz, M.S.(N. Dakota 
S.C.) Instr., Bemidji State College. 
Mrs. Mitprep L. Gross, B.S.(Nebraska 
S.T.C., Kearney) Grad. Asst., University 

of Nebraska. 

STANLEY J. GuBERUD, B.S.(Wisconsin S.C., 
Eau Claire) Asst. Professor, Milwaukee 
School of Engineering. 

IrvinG HABER, Student, Cooper Union. 

Hwa S. Haun, M.S. (Oregon) Grad. Student, 
University of Illinois. 

CHartes A. Ph.D. (Wisconsin) 
Asso. Professor, Kansas State College, 
Manhattan. 

Rosert B. HA t, B.S. (Arizona S.C.) Teach- 
ing Asst., Arizona State College. 

Avucust J. Hattmarer, M.A.(Boston) Teach- 
er, Oceanside High School, New York. 

Lt. Nem K. Hansen, B.A. (Washington) 


Instr., U. S. Naval Academy, Annapolis. 
DELBERT R. HARPER, B.S.(Tulsa) Research 

Physicist, Carter Oil Co., Tulsa, Oklahoma. 
E. Hartnett, Ph.D.(Kansas) Asst. 

Professor, College of the Holy Cross. 
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Harry S. Hayasut, M.A. (Southern California) 
Instr., Los Angeles City College. 

D. Faye HeEnprix, M.A.(Geo. Peabody) 
Instr., Lamar State College. 

DonaLp G. Hess, M.A.(Long Beach S.C.) 
Instr., Whittier High School, La Habra, 
California. 

RoBERT HEYNEMAN, Ph.D. (California, Berke- 
ley) Instr., Cornell University. 

Roy H. HotmGren, M.A. (California) Instr., 
College of San Mateo. 

ALBERT Jagua, Ph.D.(U.C.L.A.) Los Angeles, 
California. 

HELENE S. JOHNSON, Student, Texas Christian 
University. 

Tuomas J. JoHNson, III, Student, University 
of Oklahoma. 

Davip W. Jona, M.S.(Purdue) Grad. Asst., 
Brown University. 

B. Jones, M.A.(Vanderbilt) Grad. 
Fellow, Vanderbilt University. 

STanisLaus C. Karpacz, Student, St. John’s 
University, Jamaica, New York. 

ALAN M. Kartcuer, Student, Cooper Union. 

Rosert Katz, B.S.(Chicago) Instr., Tufts 
University. 

Lee H. KENNEDy, Student, Texas Christian 
University. 

Joun V. Kenny, B.C.E.(Glasgow) Senior 
Engineer, New Jersey State Highway 
Dept., Rockaway, New Jersey. 

KENNETH P. Kipp, Ph.D.(Geo. Peabody) 
Professor, University of Florida. 

CuaRLEs H. Kino, Student, San Jose State 
College. 

Kerry W. Kina, Student, Abilene Christian 
College. 

TruMAN S. Kuetn, M.A.(Maryland) Super- 
visor of Secondary Education, Board of 
Education, Upper Marlboro, Maryland. 

Lapis D. Kovacu, Ph.D.(Purdue) Design 
Specialist, Douglas Aircraft Co., El Se- 
gundo, California. 

Jesse D. M.S. (Iowa S.C.) Instr., 
University of Wichita. 

ARLENE S. KrocHMaL, A.A. (Geo. Washington) 
Student, George Washington University. 

C. Kruscuwitz, M.A. (Geo. Peabody) 
Instr., Texas Western College. 

WitiiaM R. LaCour, Student, McNeese State 
College. 

Mrs. Betty P. Lamy, Student, University of 
Oklahoma. 
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NEAL F. Lane, Student, University of Okla- 
homa. 

Puitip W. Latimer, M.S.(N. Texas S.) Asso. 
Professor, Lamar State College. 

RoBeERT W. LAWRENCE, Student, University of 
Oklahoma. 

SoLtomMon LEeEapDER, Ph.D.(Princeton) Asst. 
Professor, Rutgers University. 

GeorGeE F. Leuman, B.A.(Minnesota) Em- 
ployment Interviewer, Iowa State Em- 
ployment Service, Davenport, Iowa. 

James B. Lewis, M.A.(Mississippi) Asst. 

Prof., McNeese State College. 

R. LicHTeENBERG, B.A.(lowa S.T.C.) 
Grad. Student, University of Wisconsin. 
M. Linpstrom, B.S.(Kansas) Grad. 

Student, University of Kansas. 

M. AvBert Linton, JR., A.M.T. (Harvard) 
Head of Department, Wm. Penn Charter 
School, Philadelphia, Pennsylvania. 

BirGer LévGren, Fil. Mag. (Stockholm) 
Grad. Student, Cornell University. 

EvuGENE T. Lucas, M.A.(Denver) Asst. Pro- 
fessor, Oklahoma Baptist University. 

EvuGENE M. Luks, Student, The College of the 
City of New York. 

Joun J. Lunn, Ph.D.(Chicago) Head of De- 
partment, Lassen Junior College. 

Rosert J. Lyon, Student, Colorado State Col- 
lege. 

KENNETH A. MacDona.p, B.A. (Arizona) 
Grad. Asst., University of Vermont. 

Mrs. VIVIENNE M. Mayes, M.A.(Fisk) In- 
str., Paul Quinn College. 

Georce S. McCarty, Jr., B.A. (California, 
Berkeley) Grad. Student, University of 
California, Los Angeles. 

Ropert D. McCoy, Student, University of 
Oklahoma. 

Joseru C. Ph.D.(Michigan) Asst. 
Professor, Western Michigan University. 

Ross M. McDonatp, B.S.(Tulsa) Design 
Engineer, Douglas Aircraft Co., Tulsa, 
Oklahoma. 

Wittiam C. Mclntosu, M.A. (California) 
Instr., California State Polytechnic Col- 
lege. 

ALEXANDER H. McLeop, M.A.(N. Carolina) 
Mathematics Editor, The Macmillan Co., 
New York. 

Haro_p Mecuanic, M.A.(Columbia) Mathe- 
matician, Nuclear Development Corp. of 
America, White Plains, New York. 
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VaLERIE Mixf, B.A.(Manhattanville) Tech. 
Staff Asso., Bell Telephone Labs., New 
York. 

Frank L. MiLier, M.S.(Oklahoma) Teach- 
ing Asst., University of Oklahoma. 

Hartan D. Mitts, Ph.D.(Iowa State) Re- 
search Asso., Princeton University. 

Lioyp E. Miss, Student, Arizona State Col- 
lege. 

Guy D. Morrett, B.S. (Mississippi Southern) 
Instr., Perkinston Junior College, Missis- 
sippi. 

Erro L. Murpuy, Student, Notre Dame High 
School, Sherman Oaks, California. 

AnTHONY Q. MustToE, M.S.(Florida) Asst. 
Professor, Florida Southern College. 

LeRoy B. Necus, B.A.(N.Y.S. College for 
Teachers) Teacher, Gilboa Central High 
School, New York. 

Harry L. Netson, M.A.(Kansas) Asst. In- 
str., University of Kansas. 

Cart. Donatp O. Norris, B.S. (Chicago) 
Mathematician and Pilot, USAF, Wright- 
Patterson AFB, Dayton, Ohio. 

Rosert F. Norris, Student, Arizona State 
College. 

NorsBert L. J. OLDAN1, Student, University of 
Detroit. 

Mrs. KERAMANEH P. OscHWALD, M.A. (Van 
derbilt-Peabody) Instr., Northwest Mis- 
souri State College. 

Donatp A. Parker, B.S.(St. John’s, New 
York) Asst. Tech., Western Electric Co., 
New York. 

Tuomas C. Patten, Student, University of 
Oklahoma. 

Davin M. PERKINs, Student, Pennsylvania 
State University. 

RicHarp E. Peterson, M.S.(Purdue) Instr., 
University of Dayton. 

Paut E. PFeirrer, Ph.D.(Rice Institute) 
Asso. Professor, The Rice Institute. 

RoBERT PHILLIps, Student, Wm. L. Dickinson 
High School, Jersey City, New Jersey. 

Mrs. BERNICE V. H. Po.tyea, B.S. (Chicago) 
Teacher, Fenger High School, Chicago, 
Illinois. 

Cart. WiLL1AM T. PowELL, JR. (retired) B.S. 
(U. S. Naval Academy) United States 
Navy. 

CLARENCE E. PRINncE, B.S. (Southern 
Methodist) Instr., Taejon Presbyterian 
College, Taejon, Korea. 
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Mrs. Canpipa K. REEs, M.S. (Virginia Poly. 
Inst.) Instr., University of Illinois. 
CHarLEs A. REIHER, Student, St. John’s Uni- 

versity, Jamaica, New York. 

Jimmy M. Rice, M.S.(Eastern New Mexico) 
Instr., Fort Hays Kansas State College. 

MELvin B. Ricans, B.S.(Arizona_ S.C.) 
Asst. Instr., Arizona State College. 

ArtHurR M. B.S.(Indiana) Grad. 
Asst., Purdue University. 

LELAND F. Ritcey, Ph.D.(Chicago) Chair- 
man of Department, University of Mani- 
toba. 

RoBeErt A. ROTHSTEIN, Student, Massachusetts 
Institute of Technology. 

ANDREW W. Row, M.A.(Michigan) Instr., 
University of Florida. 

Witt1amM B. RuNDBERG, Student, San Jose 
State College. 

E. Ryerson, B.Com.(Toronto) 
Teacher, Toronto Board of Education. 

Don E. Ryortt, Student, Northwestern Uni- 
versity. 

Hans SEGAN, Ph.D. (Vienna) Asso. Professor, 
University of Idaho. 

Tuomas W. Sampson, M.A. (Western Ontario) 
Head of Department, Blakelock High 
School, Oakville, Ontario. 

Rosert L. SANDERS, Student, St. Marys Uni- 
versity, Texas. 

SasLtow, Student, Cooper Union. 

RicHarD P. SavaGE, M.S.(Oklahoma S.U.) 
Instr., University of Tennessee. 

Frep W. ScHLEcHT, Student, Rutgers Uni- 
versity. 

Beat A. ScHREINER, Clerk-Dispatcher, United 
States Government, Marine City, Michi- 
gan. 

Cavin F. SCHWARTZKOPF, Student, University 
of Wichita. 

GEORGE E. SCHWEIGERT, Ph.D.(Johns Hop- 
kins) Asso. Professor, University of Penn- 
sylvania. 

James B. SerrRIN, Ph.D.(Indiana) Asso. Pro- 
fessor, University of Minnesota. 

James F, SHEPPARD, Student, University of 
Oklahoma. 


RICHARD L. SHosE, B.S. (Alabama Poly. Inst.) 
Teach. Fellow, Alabama Polytechnic In- 
stitute. 

Joun W. SuueE, B.S.(Colorado) Instr., Uni 
versity of Colorado. 
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DonatD M._ SILBERGER,’ B.S. (Harvard) 
Teacher, Shaw High School, Cleveland, 
Ohio. 

Jack H. SILver, Student, Montana State Uni- 
versity. 

RopnEy W. SrmisTer, B.S.(Queens) Mathe- 
matician, Bendix Aviation, Teterboro, 
New Jersey. 

SistER M. PETER (STENGL) B.A. (Holy Family 
Coll.) Holy Family College, Wisconsin. 

LAWRENCE B. SKLAR, M.S. (Pennsylvania S.U.) 
Grad. Student, Rutgers University. 

Mrs. JANET SMASHEY, Student, Butler Uni- 
versity. 

KENNETH V. SmiTH, Student, University of 
Texas. 

Sam SPEED, JR., Student, Maryville College, 
Tennessee. 

Rosert L. Stantey, Ph.D.(Harvard) Asst. 
Professor, Washington State College. 
DALE W. STeEtn, B.S. (Carnegie Tech.) Senior 
Scientist, Litton Industries, Beverley Hills, 

California. 

Davip J. STEINDLER, Student, Wesleyan Uni- 
versity. 

BENJAMIN STERN, M.S. (California Inst. Tech.) 
Instr., University of Omaha. 

RicHARD H. Stevens, M.A.(Cincinnati) Asst. 
Prof., University of Cincinnati. 

RICHARD R. Swirt, M.S.(Marquette) Racine, 
Wisconsin. 

KENNETH W. THIESSEN, M.Ed. (Western Wash- 
ington College) Chairman of Depart- 
ment, Skagit Valley College. . 

Rosert J. Tuomas, M.S.(Indiana) Grad. 
Asst., University of Illinois. 

GEORGE Tipton, Sr., M.S.(Colorado) Head 
of Department, Henderson County Junior 
College, La Rue, Texas. 

Lincotn H. Turner, Ph.D.(Purdue) Asst. 
Professor, Purdue University. 
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But L. Turney, D.Ed.(Houston) Asst. 
Professor, McNeese State College. 

FREDERICK R. UrsBanus, M.S.(DePaul) Sci- 
entist, Westinghouse Atomic Power Di- 
vision, Pittsburgh, Pennsylvania. 

RoBErtT E. WALDEN, Student, Hendric College. 

Mrs. Lina R. WAttTerR, M.A. (Columbia) 
Asso. Prof., New Jersey State Teachers 
College, Paterson. 

Cuunc-Lige B.S.(Ordnance Eng. Col- 
lege, Taiwan) Grad. Student, University 
of South Carolina. 

Paut M. WEIcHsSEL, M.S.(New York) Teach. 
Asst., California Institute of Technology. 

Dan B. WELLs, B.S.(Western Carolina) In- 
str., University of Kentucky. 

Davin B. Wextts, B.S.(Nebraska) Instr., 
University of Nebraska. 

Bro. THomas C. WESSELKAMPER, B.S. (Day- 
ton) Instr., Chaminade High School, 
Dayton, Ohio. 

Mrs. Lyte M. WHEELER, M.A. (Oregon S.C.) 
Head of Department, Astoria High School, 
Oregon. 

Rosert I. Waite, B.A.(Pennsylvania) Chair- 
man of Department, Cheltenham High 
School, Philadelphia, Pennsylvania. 

Joun E. Waitesitt, Ph.D. (Illinois) Asso. 
Professor, Montana State College. 

James L. Wipmalrer, Student, Otterbein Col- 
lege. 

Dovuctas W. WILLETT, Student, South Dakota 
School of Mines and Technology. 

C. M.S. (California Inst. 
Tech.) Teacher, Pasadena City College. 

Mrs. M. Wittiams, M.S. (DePaul) 
Instr., Wiley College. 

S. Wor ey, Jr., Student, Phillips 
University. 

Rost. H. Woronuk, Student, University of 
British Columbia. 


NSF GRANTS TO THE ASSOCIATION 
The Association has recently received the following grants from the National Science 


Foundation. 


A grant of $7,500 has been received for a conference to review the program of the 
Association and to formulate a plan of action. This conference, which was held in 
Washington, D. C. on May 16-18, will be reported in more detail in the October issue of 


the MONTHLY. 


A grant of $8,000 was awarded for the support of a preliminary study of nonteaching 
mathematical employment. An advisory committee for this survey has been appointed, 
consisting of Morris Ostrofsky (Chairman), Wallace Givens (Acting Chairman), Paul 
Armer, T. E. Caywood, Churchill Eisenhart, Z. I. Mosesson, G. B. Thomas, Jr. 
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A grant of $47,700 has been received for the support of a pilot program of visiting 
lectureships to secondary schools for a two-year period. To administer this program, the 
following Committee on Secondary School Lecturers has been appointed: J. R. Mayor, 
Chairman (1958-1960), Roy Dubisch (1958-1960), W. E. Ferguson (1958-1961), B. W. 
Jones (1958-1959), Mrs. Marie S. Wilcox (1958-1961). 

A grant of $49,000 has been received for the support of a program of production of 
films for improving collegiate mathematics. 


THE NINETEENTH ANNUAL WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION 


The nineteenth annual William Lowell Putnam Mathematical Competition will be 
held on Saturday, November 22, 1958. This competition, made possible by the trustees 
of the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Putnam in 
memory of her husband, is under the sponsorship of the Mathematical Association of 
America and is open to regularly-enrolled undergraduate students in universities and 
colleges of the United States and Canada who have not yet received a college degree. 

Application blanks will be mailed out early in September to the regular mailing list. 
If an application blank is not received by September 20, you may secure one by writing 
the director, Professor L. E. Bush, 301 Merrill Hall, Kent State University, Kent, Ohio. 
Your application must be filed with the director not later than November 1, 1958. For 
further details of the examination and the list of prizes (including the $2500 scholarship 
at Harvard) see the announcement which will be mailed out along with the application 
blank. 

Reports of the eighteen previous competitions and the examinations will be found in 
this MonTuHLy for May 1938, 1939, 1940, 1941, 1942; October 1946; August-September 
1947; December 1948; August-September 1949, 1950, 1951; October 1952, 1953, 1954, 
1955; December 1956; August-September (announcement of winners) and November 
(questions and solutions) 1957; and this issue, pp. 515-516. 


THE MARCH MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the Mathematical Association of 
America was held on March 22, 1958 at the University of Michigan, Ann Arbor, Michi- 
gan in conjunction with the meeting of the Michigan Academy of Science, Arts and Let- 
ters. Professor A. E. Lampen of Hope College presided at both the morning and afternoon 
meetings and at the luncheon business meeting. Total attendance was 108, including 70 
members of the Association. 

The nominating committee, consisting of Professors P. S. Dwyer, Chairman, H. D. 
Larson and S. D. Conte, proposed for Chairman, Professor G. Y. Rainich, University 
of Michigan; Vice-Chairman, Professor W. D. Baten, Michigan State University; and 
Secretary-Treasurer, Professor F. A. Beeler, Western Michigan University. The slate 
was elected unanimously. 

The Michigan Mathematics Prize Competition Committee, consisting of Professors 
R. H. Oehmke, A. J. Lohwater, A. W. Jacobson and F. L. Celauro gave a report of its 
activities during the past year. The Committee, with the approval of the Executive Com- 
mittee, decided to go ahead with plans for a competitive examination for High School 
students this Spring. This examination will be given March 27, 1958 in 315 high schools 
to 6100 students. The Committee felt that it would be better to write its own examina- 
tion and also to score the papers. The examination, based on the subject matter of the 
four-year high school mathematics curriculum, is in two parts. The first part, a multiple- 
choice type examination, is designed to test the general mathematical back ground of the 
contestant. The second part is of a written character and is designed to measure the 
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mathematical maturity of the contestant. Such factors as originality and clarity of ex- 
pression will be weighed. Medals, certificates, prizes and scholarships will be awarded 
to the highest scorers. These are given by the sponsoring organizations; colleges, universi- 
ties and industries of the area. The Section passed a resolution to sponsor such an exam- 
ination. 

Professor Leo Goldberg, Head of the Department of Astronomy at the University of 
Michigan, was the special guest speaker at the meeting. Speaking on the topic “Solar 
Physics,” Professor Goldberg explained various physical phenomena associated with the 
sun and methods used in investigating these phenomena. His lecture was illustrated with 
slides. At the conclusion of the lecture a special motion picture film, prepared by a group 
of European astronomers, was shown. 


The following papers were presented: 


1. A particular affinely-connected manifold, by Dr. N. J. Hicks, University of Michi- 
gan, introduced by the Secretary. 


The purpose of this note is to exhibit a simply-connected C* manifold M on which is defined 
a complete affine connection satisfying the following property: for any integer m=0 there are two 
points p and qin M such that any broken geodesic from p to g must contain at least m breaks. The 
manifold M is not compact; however, for each m there is a compact simply-connected manifold for 
which one must allow at least m breaks in order to connect all pairs of points with broken geodesics. 


2. The solution of certain differential equations by Laplace transforms, by Professor 
H. E. Stelson, Michigan State University. 


The solution of linear differential equations with polynomial co coefficients is considered. Proper- 
ties of the differential operator D, [x™D™ =D(D-1)(D—2) - - -(D—m+1)] are used as an aid in 
the solution. Especially the relation o(D)X' "=¢(n)X* is used. The reducibility of differential co- 
efficients is facilitated by using the operator D. The property of Laplace transforms, L(D*y) 
=(—1)*(d*/dp")[p*Z(y)] is used in the solution. 


3. Stieltjes product integrals, by Professor T. H. Hildebrandt, University of Michigan. 


While the Stieltjes integral Sfde for f(x) continuous on (a, b) and a(x) of bounded variation 
exists as the limit of the sums (xf Mets) — e(x;_1)] as the maximum length | x: of the 
intervals of the subdivision a=xo<x< <x,=b, with x;1<x! approaches zero, this 
does not hold for the product It. a 1 +f(xi J[a(x,) —a(x;_1)]} connected with the Stieltjes product 
integral (P) 1 [1+f(x)da(x)] if a(x) is discontinuous. However, the convergence is valid in the 
sense of successive subdivisions. While (P) Sf. [1+f(x)dx] is equal to exp Sf(x)dx if f(x) is Riemann 
integrable, and (P) if [1-+de(x)]=exp [a(b) ~a(a)] if a(x) is continuous and of bounded variation, 
terms which are not exponential in character appear if a(x) is discontinuous. Moreover, when a(x) 
is continuous (P)/- [1+da(x)] satisfies the integral equation analogous to a linear differential 
equation viz. y(x) = f= [da(x)y(x)+1], but this is no longer always true if a(x) is discontinuous. 
Similar remarks hold when f(x) and a(x) are replaced by matrices with matrix multiplication. 


4. Stone-Weierstrass theorem and Komolgorov's consistency theorem of statistics, by 
Professor Shu-Teh C. Moy, Wayne State University. 


From the point of view that a probability measure defined for Borel subsets of a compact 
Hausdorff space @ is a positive linear functional on the Banach space C(Q) of continuous functions 
on Q, the Komolgorov’s consistency theorem of statistics is derived from the Stone-Weierstrass 
theorem. 


5. Parabolic analogues on theorems on harmonic functions, by Dr. F. W. Gehring, 
University of Michigan, introduced by the Secretary. 


Let u=u(x, ¢) be a function defined in a domain D in the xt-plane. If u has continuous second 
partial derivatives and if u;=wzz, then u is in H over D. If u=u;—u2 where u; and ws are non- 
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negative and in H, then u is in H4. Functions in H have many properties in common with harmonic 
functions. Analogues of the maximum and of simple Phragmén-Lindeléf extensions are mentioned. 
When wu is in H® over the strip 0<t<c, there is an important representation theorem due to 
Widder. Various forms of the Fatou theorem and its converse are discussed for such functions along 
with some uniqueness theorems and some parabolic analogues of the second theorem of Harnack 
and the Vitali convergence theorem. 


6. The effect of digital computers on university mathematical education, by Professor 
J. W. Carr III, University of Michigan. 


Digital computers are having a revolutionary impact on society. They will have a revolu- 
tionary impact on the teaching of mathematics. Since their use emphasizes the generation of the 
algorithm to solve, rather than the actual solution of the problem, much of the present rote solution 
of problems should be eliminated. Emphasis must be more on an abstract algebraic approach to 
teaching. The use of command languages, basic to computer use, should be considered, rather than 
the present descriptive languages. The actual use of computers in numerical and analytical (differ- 
entiation, integration, decision) problems, must be included in the standard texts. 


7. A computational algorithm for logical analysis, by Mr. R. R. Korfhage, University 
of Michigan. 


In order to make use of such logical methods as reductio ad absurdum an electronic computer 
must be able to derive the structure of any given logical expression. An algorithm is presented 
enabling the computer to do this for expressions written in the Polish prefix notation. The procedure 
requires only two scans of the expression. It can be easily adapted to other computational schemes 
ranging from arithmetic to mechanical translation procedures, and analogous algorithms can be 
written for systems using other than the Polish notation. 


8. Some electrical examples to illustrate Stokes’ theorem, by Professor W. P. Reid, 
Michigan State University 


With the aid of Maxwell’s equation for the curl of the magnetic field, H, one may use Stokes’ 
theorem to determine Hg around a straight wire carrying a steady current; the field due to steady 
currents flowing in various figures of revolution; the electric and magnetic fields inside a charging 
condenser; and the electric and magnetic field outside a charging sphere. Also, if one assumes that 
the electric field due to an oscillating dipole or to certain electro-magnetic waves traveling along 
circular wave guides is known, then Hg may be calculated for these cases. 


9. Retention of mathematics by college freshmen, by Professor F. L. Celauro, Central 
Michigan College. 


Retention of knowledge and skills in trigonometry was investigated in relation to elapsed time, 
amount learned, intelligence and general mathematical proficiency. Students were tested upon 
commencing the study of trigonometry. After completing the course they were tested for achieve- 
ment, and tested again some weeks later for delayed recall. Retention in trigonometry falls at a 
decelerated rate, 37 per cent retained after thirty weeks. Retention varies with different topics, 
identities most easily forgotten. Generalizations depend upon definition of retention employed 
(amount versus per cent retained). Retention is aided by injecting meaning and unification into 
the subject and viewing it in relation to other fields. 


10. Convergence in the mean of Taylor series, by Dr. D. S. Greenstein, University of 
Michigan. 


Given f(x), ac® function all of whose derivatives belong to L?(— ©, «) for some fixed p21, 
the author considers representing the translates f(x-++h) by means of a “Taylor series in the mean.” 
The class of functions so representable are generalizations to L? of analytic function classes in L* 
studied by Paley and Wiener. 
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11. A search for analogues of the Mathieu groups, by Dr. E. T. Parker, University of 
Michigan and Mr. P. J. Nakolai, Ohio State University, presented by Dr. Parker. 


The Mathieu groups of degrees 11, 12, 22, 23, and 24 are the only known simple finite groups 
contained in no known infinite system. Four of these a e the only known quadruply transitive 
permutation groups not symmetric or alternating. Degrees 11 and 23 are both of the form 
p=2q+1, with p and g primes. The analogues are simple transitive permutation groups of degree 
p=2q+1, of order >p and p!/2. The authors first described pairs of generators of such groups, 
then wrote a program for UNIVAC Scientific Computer, Model 1103A. Groups of degree p =2q+1, 
23 <p 1823, were examined exhaustively by the computer. No analogues exist in this range. Some 
six hours of machine time were required. 


12. The combination of 2Xn contingency tables, by Dr. W. M. Kincaid, University of 
Michigan, introduced by the Secretary. 


Let x and y be two experimental variables and let m trials, having outcomes “success” or 
“failure,” be conducted under each of the kn conditions x=x;, y=y;,t=1,--+, k, 
thus the results form a set of 2Xm contingency tables. The hypothesis that the probability of 
success is independent of y for each x may be tested by pooling the entries to form a single table 
and computing x?, but any dependence of the probability on x causes a spurious loss of signifi- 
cance. The purpose of the present paper is to show how this difficulty may be avoided. 

(This work was partly supported by the Office of Naval Research.) 

F. A. BEELER, Secretary 


THE APRIL MEETING OF THE IOWA SECTION 


The forty-fifth meeting of the Iowa Section of the Mathematical Association of 
America was held at Drake University, Des Moines, Iowa, April 18, 1958. Professor A. 
H. Blue, Chairman of the Section, presided. The total attendance was 71, including 30 
members of the Association. Routine business was considered during the afternoon 
meeting. As a result of the work by the Committee on Contests appointed a year ago, 
it was voted that the Committee be commended for their work and that the officers of 
the Section be empowered to go ahead with high school contests in mathematics on a 
limited basis. 

It was agreed that the Iowa Section would meet jointly with the State University 
of lowa’s Annual Conference of Teachers of Mathematics in October, 1958. 

The following officers were elected: Chairman, Professor E. N. Oberg, State Uni- 
versity of Iowa, Iowa City, lowa; Vice-Chairman, Professor R. S. Jacobsen, Luther 
College, Decorah, Iowa; Secretary-Treasurer, Professor E. L. Canfield, DrakeUniversity, 
Des Moines, Iowa. 

The following papers completed the program: 


1. Report of the committee on the problem of contests, by Professor I. H. Brune, lowa 
State Teachers College, Chairman. 


The following points were made in the report of the Committee on Contests: (1) Mixed reac” 
tions were noted by high school teachers, some in favor, some opposed to contests. (2) Many teach- 
ers reported contests were not permitted. (3) Members of the advisory board of the Iowa Associa- 
tion of Mathematics Teachers seemed not to be in favor of the contests. (4) A poll of teachers in 
convention at Des Moines resulted in 44 votes in favor and 13 votes against. (5) While the Com- 
mittee itself saw merit in a talent search it doubted that a contest should in any way pit school 
against school or teacher against teacher. Rather the contest should be a search for talent, not a 
device for rating teacher efficiency. (6) The Committee recommended that the Iowa Section of 
Mathematical Association of America try the contest for one year, taking advantage of the offer 
of the National Committee to conduct the examination but that time remaining to prepare for a 
contest for 1958 is doubtful; consequently, 1959 would be a better beginning date. 
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2. Some curious results in distance geometry, by Professor L. M. Blumenthal, Uni- 
versity of Missouri. (By invitation.) 


The results discussed concerned (1) non-congruent simplices with the same edges, (2) simplex- 
producing combinations of simplices, (3) a mapping of a bipunctured m-sphere onto an (m—1)- 
sphere, (4) an uncountable class of nonrectifiable arcs of Hilbert space, and (5) metric continua 
without small acute triangles. 


3. Grading systems, by Professor Fred Robertson, Iowa State College. 


The author compared several grading or testing systems, in industry and schools, with the one 
commonly considered as the grading system. 


4. A note on defining an extension of a probability measure on subsets of function space 
by applying one of J. L. Doob’s theorems, by Professor W. A. Small, Grinnell College. 


Let W be the set of real-valued functions, w(t), of the real variable ¢. An extension (W, F2, P2) 
of a Fundamental Borel Probability Field (W, Fo, Po) was defined by J. L. Doob and S. Kakutani. 
It may happen that an adjunction extension (W, Fj, Pé ) of (W, Fo, Po) exists through adjoining 
a subset W’ of W to Fo. By applying one of Doob’s theorems, the condition on the outer P; measure 
P}(W’)=1 is seen to be necessary and sufficient for the existence of the corresponding adjunction 
extension (W, Fi, P!) of (W, Fs, P2). If (W, Fo, Pé) is measurable, then so is (W, Fi, P?). 


5. An unusual method of teaching logarithms, by Professor Fred Robertson, Iowa 
State College. 


The author stressed the laws of operation needed for computation. The use of the tables is 
taught as an entirely different phase of the work. The tables of natural logarithms may be used 
first. Then a suggestion is made to change the tables of common logarithms. The terms character- 
istic and mantissa are not introduced. 


6. Uniform convergence of the second differences, by Mr. U. R. Kodres, Iowa State 
College. 


A sequence of theorems, whose proofs were sketched, was used to characterize the class of 
functions whose second differences converge to zero uniformly. 


7. Exceptional values of metric density, by Mr. N. F. G. Martin, Iowa State College. 


The usual definition of the metric density of a measurable set in EZ; at a point of E; is given. 
Then for a given real number A, 0<A<1, a set is constructed whose density exists at 0 and has 
the value X. 


8. Note on the classical canonical form of a matrix, by Mr. J. C. Mathews, Iowa State 
College. 


A proof of the existence and uniqueness of the classical canonical form of a matrix is accom- 
plished without the intervention of invariant factors, elementary divisors, or modules. Using 
simple induction proofs a matrix A defined over an algebraically closed field is reduced to an inter- 
mediate canonical form B. At this point a final similarity transformation R is constructed such that 


R™BR is classical. The proof of the uniqueness of the classical form of A is done by comparing 
ranks, 


9. Functions whose second difference goes to zero, by Professor S. D. Nolte, lowa State 
College. 


If f(x) is defined on an open interval J, the second difference is defined to be |f(x+h) 
—2f(x)+f(x—h)|. If a sequence f,(x), converges uniformly on IJ to f(x) and if f.(x) is such that 
limaso | fa(x-+h)+2fn(x) —fr(x—h)| =0 for all h and all x in J, then f(x) also has this property. 
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Definition. A function f(x) is said to satisfy a second difference Lipschitz condition of order a 
on I if there exists an M and a 5>0 such that | f(x +h) —2f(x)+f(x—h)| <M|h|* forall x in J and 
all | h| <6. If f(x) in this definition is continuous at one point in J, and if a21, then f(x) is continu- 
ous at every point in J. 


10. Maxima of functions, by Mr. J. D. Miller, lowa State College. 


By first defining what is meant by a real-valued function of a real variable taking on a proper 
relative maximum or a nonproper relative maximum at a point, it is shown that a function can 
possess at most a denumerable number of proper relative maxima. Furthermore, if a function takes 
on a relative maximum at every point of its domain of definition, then the range of the function is 
at most denumerable. 


E. L. CANFIELD, Secretary 
THE APRIL MEETING OF THE KANSAS SECTION 


The forty-third annual meeting of the Kansas Section of the Mathematical Associa- 
tion of America was held at Kansas State Teachers College, Emporia, Kansas, on April 
12, 1958, in conjunction with the annual meeting of the Kansas Association of Teachers 
of Mathematics. There were 178 persons registered, including 52 members of the Asso- 
ciation. Professor L. E. Laird, Chairman, presided at the sessions. 

The following officers were elected for one year terms: Chairman, Professor P. S. 
Pretz, St. Benedict’s College; Vice-Chairman, Professor J. D. Haggard, Kansas State 
Teachers College, Pittsburg; Secretary-Treasurer, Miss Helen Kriegsman, Kansas 
State Teachers College, Pittsburg. 

At the joint session, held in the morning, Dean Albert E. Meder, Jr., Rutgers Uni- 
versity, delivered an address entitled “Modern Mathematics and Its Role in Secondary 
Education.” 

The following short papers were presented at the afternoon session: 

1. Statistics, by Dr. Stanley Wearden, Kansas State College of Agriculture and 
Applied Science, introduced by the Secretary. 


Rainfall information was obtained from the United States Department of Commerce Weather 
Bureau Climatological Data. Only data from the Hays, Kansas, reporting station was used. Median 
annual rainfall over the ninety years was 22.59 inches. Each year was classified as being above or 
below median rainfall, and the probability that the pluses and minuses occurred in an essentially 
random sequence was calculated. There were only thirty-six runs, or cycles, among the ninety 
years (P =.034). The correlations between monthly and annual rainfall were calculated. Ten corre- 
lations were significant (P =.05), and June rainfall explained over half the variability of annual 
rainfall. 


2. Braids, by Professor J. C. Lillo, University of Kansas, introduced by the Secre- 
tary. 


This paper consisted of expository comments on the theory of braids. 
3. What's wrong with mathematics, by Professor C. B. Read, University of Wichita. 


Without exhaustive or necessarily representative coverage, the paper presented some criti- 
cisms of mathematics which have appeared in professional periodicals. There was no attempt to 
give specific reference to any quotation, but it was suggested that listeners try to identify the per- 
son or group to which the point of view might be attributed. At the conclusion the fact was re- 
vealed that every quotation was written prior to 1932. The tentative conclusion was that, if, after 
twenty-five years, almost identical criticisms can be made, one wonders if mathematicians are 
making rapid progress towards revision and improvement. 
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4. Calculus—a modern approach, by Professor W. C. Janes, Kansas State College of 
Agriculture and Applied Science. 

The idea of function as a consistent class of quantities with domain and range is developed 
early. A symbol for the identity function is helpful. Geometric considerations lead naturally to the 
fundamental theorem of the integral calculus. The derivative is defined as the limit of a difference 
quotient. Discussions of increments, infinitesimals, and differentials are almost nil, though in 
applications of integration the differential is retained as reminiscent of the type of product-sum 


whose limit is obtained. Menger’s Calculus—A Modern Approach is an excellent book exemplifying 
the method. 


5. Are computing machines replacing mathematicians? by Professor U. W. Hoch- 
strasser, University of Kansas, introduced by the Secretary. 

The capabilities and limitations of electronic computers are discussed and compared with the 
characteristics a mathematician is supposed to have. This comparison shows that the computer, 
at least in its present form, can not replace the mathematician and that its efficient and sensible 
use frequently depends essentially on the mathematical capabilities of its user. The widespread 
introduction of computers has accordingly not decreased the demand for mathematicians but 
caused a serious shortage of people with adequate mathematical training, a situation which can 
be only improved upon by offering a broader and better mathematical education at academic 
institutions. 

HELEN KRIEGSMAN, Secretary 


THE APRIL MEETING OF THE KENTUCKY SECTION 


The spring meeting of the Kentucky Section of the Mathematical Association of 
America was held on April 26, 1958 at the University of Kentucky, Lexington, Kentucky. 
Professor J. C. Eaves, University of Kentucky, presided at both the morning and after- 
noon sessions. There were 71 persons in attendance, including 49 members of the Asso- 
ciation. 

The following officers were elected for one-year terms: Chairman, Professor W. J. 
Robinson, Centre College of Kentucky; Secretary-Treasurer, Professor V. F. Cowling, 
University of Kentucky; Traveling Lecturer, Professor Sallie E. Pence, University of 
Kentucky. 

By invitation of the Committee, Professor Ernst Snapper of Miami University de- 
jivered an hour address at the afternoon session entitled, “Geometric Algebra.” An ab- 
gtract of this address follows: 


The term “Geometric Algebra” was coined by Professor Emi! Artin whose book by that title 
has recently appeared. One of the messages this book brings us is that the notion of a matrix, 
thought of as a rectangle of field elements,:should be very much reduced in importance. Generally 
speaking, a matrix is an analytic representation of some geometric object, relative to a chosen co- 
ordinate system. If the same geometric object is represented by means of another coordinate system, 
we get another matrix. Consequently, if we treat a geometric object by means of matrices, we do not 
get an invariant theory. By now we have the experience that for the purposes of modern algebra in- 
variant theories are the best. This change from “dealing with the geometric object through the 
intervention of a coordinate system” to “dealing with the geometric object directly, i.e., doing 
geometric algebra,” constitutes one of the major changes from the algebra of, say, 120 years ago 
to present-day algebra. As an example of geometric algebra, quadratic forms were discussed. A 
quadratic form was defined as a metric vectorspace, and the theory of metric vectorspaces was 
described through Witt’s theorem. 

The following papers were presented. 


1. The effects of prime characteristic in differential algebra, by Professor Frank Levin, 
University of Kentucky. 


In this talk the author cited various difficulties which arise in differential algebra when the 
groundfield has a characteristic +0. 


‘ 
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2. A coefficient problem for Laurent series, by Miss Betty C. Detwiler, University of 
Kentucky. 


In this paper the author studied analytic functions having a positive real part in an annulus, 
New proofs were obtained for well-known theorems due to Nehari and Robertson. 


3. Objectives of modern high school trigonometry, by Professor Edith R. Schnecken- 
burger, University of Buffalo. 


Recommendations of the Commission on Mathematics were considered. The following objec- 
tives were suggested: mastery of subject matter needed for calculus and science courses, develop- 
ment of understanding of the nature of mathematics, appreciation of applications of trigonometry, 
improvement in the reading and writing of mathematics. 


4. Freshman mathematics at the University of Louisville, by Professor W. L. Moore, 
University of Louisville. 


A program was outlined with the objective of encouraging the more gifted students to take 
special courses in mathematics. 


5. The Mathematics of a wave tank, by Professor W. J. Robinson, Centre College of 
Kentucky. 


This paper presented the basic mathematics of a wave tank with a submerged transverse 


cylinder. Certain elementary properties were discussed, as well as one approximation to the true 
solution. 


6. Multiplication on the real line, by Professor J. G. Horne, University of Kentucky. 


All of the continuous associative multiplications of the real line which agree with the ordinary 
multiplication for the nonnegative reals are determined. In particular it is shown that Fawcett’s 
characterization of ordinary multiplication on the closed-unit interval extends to a characterization 
of ordinary multiplication on the set of reals. 


7. On solving a certain nonlinear differential equation of 2nd order, by Miss Dorothy 
I. Koehler, University of Kentucky. 


The differential equation considered is taken from On the solution of a differential equation 
with nonlinearity appearing in the second derivative of combined linear and cubic terms by Chi- 
Neng Shen, Quart. Appl. Math., vol. 15, 1957, pp. 11-30. In particular we study the equation 
d*y+y*)/dx*+-y=r. The method of solution presented in this note varies from the method in the 
reference in that upon making the transformation v?=#, the resulting equation is a first order 
linear differential equation. This is then solved by the usual methods. 


8. A network of checks for the multiplication of matrices, by Professor J. C. Eaves, 
University of Kentucky. 


In this paper the author indicated various checks that may be employed in the multiplication 
of matrices. This material is related to modern high speed computers. 


V. F. Cow ine, Secretary 


THE APRIL MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The Spring Meeting of the Maryland-District of Columbia-Virginia Section of the 
Mathematical Association of America was held at the Randolph-Macon Woman’s Col- 
lege, Lynchburg, Virginia, on April 26, 1958, with 70 members in attendance. Professor 
R. P. Bailey, Chairman, presided. 

The following officers were elected for the year 1958-59: Chairman, Professor M. W. 
Oliphant, Georgetown University; Vice-Chairmen, Professor Herta T. Freitag, Hollins 
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College and Professor Joseph Milkman, United States Naval Academy; Secretary, Pro- 
fessor D. B. Lloyd, District of Columbia Teachers College; Treasurer, Professor T. W. 
Moore, United States Naval Academy. 

The following papers were presented at the meeting: 

1. Certain graphical solutions to the heat conduction equation for an insulated, infinite 
metal slab, by Mr. W. H. Holter, Atlantic Research Corporation, Alexandria, Virginia. 


The solution to the heat equation for the case of a metal slab separated from a transient flow 
of hot gases by a layer of insulation was presented. Simplified, approximate solutions were obtained 
at the two boundaries of the insulation. Graphical representations of these solutions provide a 
rapid method of determining the insulation required to maintain the temperature of the metal 


slab below a given level. The wide application of the graphs to various heating problems was 
illustrated. 


2. The solution of ordinary differential equations wiih constant coefficients by analog 
computer methods, by Professor W. L. Fields, Hampton Institute. 


The machine methods for addition, subtraction, multiplication, division, and integration were 
shown. These operations were combined to demonstrate the solution of differential equations. 


3. Advances in automatic programming for digital computers, by Mr. R. F. Reiss, 


Babcock and Wilcox Co., Atomic Energy Division, Lynchburg, Virginia, introduced by 
the Secretary. 


The translation of a mathematical problem into use for computer operation ordinarily requires 
much training and experience. To simplify the programming of such problems and to minimize the 
personnel training required, methods known as “automatic programming” have been devised. One 
of the more sophisticated systems, the FORTRAN formula translator, was described in detail 
and compared with ordinary programming techniques. 


4. Experiments in solving ordinary differential equations, by Mr. W. Timlake, Bab- 
cock and Wilcox Co., Lynchburg, Virginia, introduced by Professor M. G. Humphreys. 


Truncation error is usually a dominant factor in the choice of which numerical integrating 
scheme is applied to a set of ordinary differential equations. This paper presented a clear example 
of a system of differential equations in which stability (as defined by O’Brien, Hyman and Kaplan), 
and propagated error completely overshadow the problem of truncation. The difficulty of obtaining 
a “good” a priori bound on At was also indicated. 


5. A study of variations in the viewing of a picture, by Professor Herta T. Freitag, 
Hollins College, and Mr. A. H. Freitag, Hollins College School, Hollins College, Virginia, 
presented by Professor Freitag. 


The well-known calculus problem of determining the position from which a picture appears 
“at its best” leads to an interesting consideration of other related factors. Arbitrarily varying the 
observer's height, his position, the height of the picture, the height at which it is hung—keeping 
any two of these parameters constant, while varying the others, leads to six cases. In each case the 


resulting functional relationships are conic sections—parabolas, hyperbolas, or even degenerate 
conics. 


6. Cardioids and rolling polygons, by Professor R. C. Yates, College of William and 
Mary. (By invitation.) 


Professor Yates discussed the properties and applications of the cardioid, based upon its 
fundamental geometric structure. He interpreted the curve as a roulette, a conchoid, a pedal, a 
caustic, and an envelope of circles. A unique feature involved the determination of arc length and 
area by means of rolling polygons. This was based upon formulas for sums of sines and cosines 
of integral multiples of an angle of roll, sums which have limits as the number of sides of the polygon 
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increases. He pointed out the generalization of this method to all closed cycloidal curves. The 
lecture was illustrated with colored drawings, which were distributed to the audience. 


D. B. Lioyp, Secretary 
THE APRIL MEETING OF THE NEBRASKA SECTION 


The thirty-fourth annual meeting of the Nebraska Section of the Mathematical 
Association of America was held on April 19, 1958, at the University of Nebraska, Lin- 
coln, Nebraska, in conjunction with the meetings of the Nebraska Academy of Sciences. 
Professor Edwin Halfar presided. There were 35 persons in attendance, including 25 
members of the Association. 

The following officers were elected for 1958-1959: Chairman, Professor J. F. Wam- 
pler, Nebraska Wesleyan University; Vice-Chairman, Professor Edwin Halfar, University 
of Nebraska; Secretary-Treasurer, Professor H. M. Cox, University of Nebraska. 

The following papers were presented: 

1. The icosahedron, by Professor W. G. Leavitt, University of Nebraska. 


Consider a cylinder with cones of the same radius at both ends, the radius of the cylinder 
being equal to the distance between the bases of the cones, and the angle between the axis and the 
slant of the cones being a little less than 60°. Five equally spaced points are marked around the 
base of each cone in such a way that if P is a point on the upper cone, the point P’ directly below 
P bisects the arc between two of the points marked on the lower cone. These ten points together 
with the apexes of the cones form the twelve vertices of the icosahedron. 

(Analysis of method discovered by a local machinist.) 


2. Integral means and subfunctions, by Professor L. K. Jackson, University of 
Nebraska. 


Let f(x) be a bounded integrable function defined on an interval. The integral mean F;,(x) is 
one degree “smoother” than f(x), for example, if f(x) is continuous, F;(x) is differentiable. Further- 
more, the integral-mean operation preserves linear functions and transforms convex functions into 
convex functions. In this paper is discussed the problem of extending these results to more general 
differential equations. Specifically, given a differential equation, a smoothing operation is sought 
which preserves solutions of the differential equation and transforms subfunctions into subfunc- 
tions. A solution is given for linear second order differential equations. 


3. Hausdorff separation and compactness, by Professor Edwin Halfar, University of 
Nebraska. 


The fact that compact subsets of a Hausdorff space are closed suggests the problem of de- 
termining restrictions on a space so that the property of being Hausdorff is equivalent to the 
property that compact subsets are closed. A simple theorem of this type is proved, and an example 
illustrating the necessity of some such restriction is given. 


4. First Nebraska (Ninth National) Mathematics Contest, by Professor H. M. Cox, 
University of Nebraska. 


1685 contestants from 130 high schools were enrolled in the Mathematics Contest held 
March 27, 1958. Scoring was provided by the University of Nebraska’s Bureau of Instructional 
Research. Norms were prepared on 1405 contestants from 121 high schools. (Mimeographed re- 
port is available for distribution.) . 


5. A report on the use of television for stimulating more interest in mathematics, by 
Professor W. E. Mientka, University of Nebraska. 


During 1957, “Fun with Figures” was presented in eighteen half-hour programs on KOLO-TV 
(Reno, Nevada) and in eleven half-hour programs over KUON-TV (University of Nebraska, 
Lincoln, Nebraska). Each program consisted of three parts: (1) an introduction to some mathe- 


= 
| 


558 THE MATHEMATICAL ASSOCIATION OF AMERICA [September 


matical problem by means of a model (Mobius strip, curves of constant breadth, towers of Hanoi, 
etc.); (2) a discussion of various mathematical topics, not ordinarily considered in usual mathe- 
matics courses (tests for divisibility, the conic sections, the Kénigsberg bridge problem, etc.); 


(3) a problem of the week. The verbal and written response indicated that the objectives of the 
series were achieved. 


6. Types of errors in Dickson's “History of the Theory of Numbers,” Vol. 2, by Mr. 
H. W. Becker, Radio Engineering Institute, Omaha, Nebraska. 


Typical of the three hundred errors discovered are the failure to tell a triangle from a tetra- 
hedron (p. 210), whether two problems are the same, or different (p. 194 and p. 210), whether two 
solutions are the same or different (p. 210, p. 212, p. 213), to recognize a general solution (all three 
references), and to see through a fallacious proof even when only a few lines long (p. 502). 


H. M. Cox, Secretary 
THE APRIL MEETING OF THE OHIO SECTION 


The forty-second annual meeting of the Ohio Section of the Mathematical Associa- 
tion of America was held at Denison University, Granville, Ohio, on Saturday, April 26, 
1958. Professor Sam Selby, Chairman of the Section, presided at the morning and after- 
noon sessions. There were 117 persons registered in attendance, including 97 members of 
the Association. 

Officers elected for the coming year are: Chairman, Professor L. E. Bush, Kent State 
University; Secretary-Treasurer, Professor Foster Brooks, Kent State University; Third 
member of the Executive Committee, Professor Melvin Bloom, Miami University. The 
members of the Program Committee are: Professor H. E. Tinnappel, Bowling Green 
State University, Chairman; Professor R. W. Shoemaker, University of Toledo; Pro- 
fessor C. W. Topp, Fenn College. 

The following papers were presented: 

1. Critique on preparation of elementary and secondary school teachers of mathematics, 
by Professor Nathan Lazar, The Ohio State University. (By invitation.) 

2. Advanced slide rule techniques (cubic equations, addition and subtraction), by Dr. 
B. L. Schwartz, Battelle Memorial Institute, Columbus, Ohio. 


a. Any cubic equation is readily reduced to the form y*+Py=Q. This equation can be solved 
with one setting of any slide rule having the usual A, B, C, and D scales. 

b. Normally there is no special advantage in performing addition on a slide rule. However, 
there may be one when a formula combines additions with normal slide rule operations, 
e.g., multiplications. The method presented requires as many operations as a multiplication 
followed by a division. For use with rules with other scale arrangements than the K & E 
series 4080, the formula the process solves is given by: u+v=[4/u/sin arc tan (./u/+/v) |*. 


3. The modern approach to LR*H, by Professor R. F. Rinehart, Case Institute of 
Technology. 


How writers of literature might impart new austerity—and hence beauty—into their works 
by employing modern mathematical language was illustrated by discussion of the story of Little 
Red Riding Hood (LR?H) in modern mathematical parlance. For example, the grandmother, G, 


could be denoted by f(f(LR*H)), where f is the Murrow mapping (7.e., person-to-person) “daughter” 
into “mother.” 


4. The derivative as a front of expansion, by Professor Wayne Dancer, University of 
Toledo. 


To give the derivative meaning within the students’ experience let us visualize it as a “front 
of expansion” along which a geometric figure grows into a larger but similar figure. A square of 
area x? grows into a larger square by expansion along two sides, 2x, and a circle expands along the 
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circumference, 2rr. These are the derivatives of the variable areas. The standard “area under a 
curve,” bounded laterally by a fixed ordinate and a variable ordinate, can expand only along the 
variable ordinate, i.e., dA /dx =y. Similarly, the front of expansion of a variable sphere is the surface 
of the sphere, expressed: d(4xr3/3)/dr=4zxr*. A right circular cylinder with variable radius and 
altitude has two fronts of expansion: the top, zr?, and the lateral surface, 2xrh. These are the partial 
derivatives of the volume with respect to h and r respectively. 


5. The new Dartmouth mathematics curriculum, by Professor J. L. Snell, Dartmouth 
College. (By invitation.) 


A mathematics curriculum in a liberal arts college must fulfill a variety of needs. It must pro- 
vide an opportunity for the average liberal-arts student to learn of the nature of advanced mathe- 
matics. It must provide specialized training for various scientists who will use mathematics as a 
tool. It must make provision for the man who wants to specialize in mathematics, whether he be 
of the caliber of a creative mathematician or of average ability. And finally, it must provide in- 
formation to the entire undergraduate body on modern mathematics as a living and creative field, 
with applications in the physical, biological and social sciences. The speaker described the way in 
which Dartmouth College has attempted to fulfill these goals. 


6. Report from the Commission on Mathematics of the College Entrance Board, by 


Professor E. R. Ranucci, Newark State College, introduced by the Secretary. (By invi- 
tation.) 


The Commission on Mathematics of the College Entrance Examination Board grew out of the 
concern of the Mathematics Examiners that the Board’s tests were not reflecting fully and ap- 
propriately the emerging programs of mathematics instruction in forward-looking college prepara- 
tory schools, both public and private, and moreover that the standard curriculum taught in most 
secondary schools was sadly out of date. 

The Commission accepts the following theses: (1) In the past thirty years the nature of mathe- 
matics as a subject has been substantially altered by the results of mathematical research. (2) De- 
spite these developments, school and college mathematical curricula have been largely unaltered. 
(3) It is both possible and desirable to rectify this situation. 


7. Independent studies at Oberlin College, by Professors John Baum and Wade Ellis, 
Oberlin College, given by Professor Ellis. 


Four of Oberlin College’s eight sections of regular freshman mathematics were organized, in 
1957-1958, as two control and two experimental independent study classes. Professors Baum and 
Ellis each taught one control and one experimental section. The control sections went through the 
usual course experience. The experimental sections attended classes from September 17 through 
December 14 (about 13 weeks) and from April 8 through May 24 (about 7 weeks), except for one 
week in November. During the remainder of the school year, they were out of contact with their 
instructors. 

Tests administered on April 8, and covering material studied during the out-of-class period 
by both experimental and both control groups, failed to reveal any significant difference between 


the two types of classes insofar as mastery of subject matter and facility with techniques were 
concerned. 


8. The “Cincinnati Experiment,” by Professor Gaylord Merriman, University of 
Cincinnati. 


The speaker reported the fate of three experimental courses which had been outlined previ- 
ously (Oberlin meeting, 1956): (a) a course, for secondary school teachers, in modern concepts 
being urged for inclusion in the high school programs; (b) a course of the Kemeny-Snell-Thompson 
type for majors in certain social sciences; (c) a course of tutorial readings primarily for advanced 
placement students. All three had been successful. The first two are now integrated into the regular 
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program. The last is being abandoned because of large curricular changes which accommodate 
students into a more flexible program. The talk concluded with a detailed outline of this new 
curriculum—a continuing “experiment.” 


FosTtER Brooks, Secretary 
THE APRIL MEETING OF THE OKLAHOMA SECTION 


The semi-annual meeting of the Oklahoma Section of the Mathematical Association 
of America was held at Central State College, Edmond, Oklahoma, on Saturday, April 19, 
1958. Professor W. A. Rutledge, Chairman of the section, presided. There were 52 per- 
sons in attendance, including 41 members of the association. 

Several committee reports presented at the business meeting are summarized with 
the abstracts of the papers presented. The section voted that the sum of fifteen dollars 
be given to the Committee on the Oklahoma Visiting Lecture Service from the section 
treasury. The committee was instructed to determine the type of lecture program de- 
sired by Oklahoma and Arkansas high schools, if any, and if possible, to implement the 
program before the fall meeting. It was further voted that the committee be specifically 
instructed to secure lecturers, and that both the lecturers and their topics be subject to 
the approval of the committee. 

The following papers and reports were presented: 

1. Some properties of connectivity maps, by Professor O. H. Hamilton, Oklahoma 
State University of Agriculture and Applied Science. 


According to Nash, a connectivity map from a space A into a space B is a transformation T 
such that the induced transformation g of A into A XB defined by g(p)=pXT(p) transforms con- 
nected subsets of A onto connected subsets of A XB. Examples of connectivity maps which are 
not continuous were given and some simple properties of connectivity maps were derived and 
compared with different characterizations of continuous transformations. 


2. Two theorems with respect to sequences of Banach spaces, by Mr. Robert Welland, 
student, University of Oklahoma, introduced by the Secretary. 


The norm for a Banach space often determines the set of points to be in the space. This situa- 
tion leads one to ask how the spaces vary if the norm is changed. Unions and intersections of 
ascending and descending sequences of Banach spaces were considered. 


3. Evidence that 2*‘*'—1 is prime, by Mr. J. W. Sehestedt, Hoyt, Oklahoma. 


The purpose of this paper is to present evidence that 2*!%!—1 is prime, as conjectured by 
E. Catalan. The evidence is dependent on facts verifying that a Mersenne prime used as P value 
in his formula will always produce a perfect number. It can be shown that 2*!*!—1 has character- 
istics identical to all known Mersenne primes, in relevance to perfect numbers. Computation is 
greatly reduced and simplified by using the sequence of a few digits at the end of the number to 
identify it. A graphic presentation in which all numbers are positionized was also demonstrated. 


4. Certain nonaffine projective transformations in 4-space, by Proiessors Simon Green 
and W. A. Rutledge, University of Tulsa, presented by Professor Green. 


This paper is an extension of the work done by J. S. Taylor, St. Kwietniewski, K. Kommerell 
and others on the problem of representation of equations in two complex variables by surfaces in 
a real 4-space. The problem of determining the nonaffine projective transformations in 4-space that 


leave invariant the set of regular, tangent planes to a surface is studied. It is found that all such 
transformations are degenerate. 


5. Restriction of acreage with allowance for variation of productive capacity, by Mr. 
K. C. Cartwright, Vandervoort, Arkansas. 


When farm acreage was restricted to limit production, the farmer utilized his labor and better 
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methods on the lesser area to the effect of getting more production than he did before, nullifying 
the assignment of acreage. The method of reduction given is linked with the best production that 
has been made in the area. This makes it difficult for even one farmer to excel this best record. 
For all of them to excel it is virtually impossible. The remarks deal with the application of the 
same type of function to the initial aspect of the solubility of gases in liquids. 


6. Summability operators in topological groups, by Mr. John Thomas, student, Uni- 
versity of Oklahoma. 


Summability operators are defined in a first-countable, Hausdorff topological group and a set 
of 3 sufficient conditions given for an operator to be regular. It is shown that 2 of the conditions 
are always necessary, and the third is also, where G is the additive group of a Banach space over a 
field complete in some (not necessarily Archimedean) valuation. When the Banach space is a com- 


plete field, the theorem is shown to be equivalent to the classical Toeplitz theorem and its recent 
extension to non-Archimedean fields. 


7. Some optimization problems related to rocket propulsion, by Mr. G. M. Ewing, 
U.S.A. Artillery and Missile School, Fort Sill, Oklahoma. (By title.) 


The paper formulates a number of maximum and minimum problems involving the choice 
of three time-functions termed the thrust program, the thrust attitude program, and the staging 
program, each subject to appropriate restrictions. Attention is confined to the simplest mathemati- 
cal model, viz. the point mass, flat stationary earth, constant gravity idealization. The problems 
are related to, but distinct from, classical nonparametric problems of the calculus of variations. 


The only results known to the author are existence theorems together with complete solutions for 
trivial cases. 


8. The cross ratio in n-dimensional space, by Mr. Robert Strong, student, Univer- 
sity of Oklahoma, introduced by the Secretary. 


By considering one form of the cross ratio one arrives at a generalization to a cross ratio of 
four points with respect to m—1 points in an n-dimensional space. From this expression one can 
show the equivalence of the definition of the cross ratio of four hyperplanes of a pencil and of the 
definition given by N. A. Kolmogorov in terms of hypervolumes. 


9. A dispersion concept pertaining to the damage potential of an artillery projectile, 
by Mr. O. S. Spears, U.S.A. Artillery and Missile School, Fort Sill, Oklahoma. 


When the vulnerable area of a target is known, the density and angular distribution of effec- 
tive fragments about a bursting projectile are used to determine the probability of required damage 
from various positions. If g(x, y) denotes the probability of damage to a target centered at the point 
(x, y), then a measure of effectiveness ¢ is defined as follows: ¢= {* /* g(x, y)dxdy. 

While these integrals have the dimensions of area, they are ordinarily not discussed with 
respect to any particular size and shape. On the other hand, when a number of projectiles are 
fired intoa specific target area, it is often necessary to consider some specific configuration attached 
to the numbers ¢. A simple approach to this matter is presented in this paper. 


10. Desmic systems of tetrahedrons, by Professor N. A. Court. University of Okla- 
homa. (To be published in this MonTHLY under Mathematical Notes.) 

11. Report from Committee on Oklahoma Visiting-Lecture Service, by Professor 
Katherine Mires, Northwestern State College, Chairman. 


The committee has considered several possible types of visiting-lecture programs suitable for 
high schools, but found itself stopped from further action by lack of time and funds. It is hoped 


the high school lecture service will have been implemented before the October meeting of the 
section. 


and 
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12. Report from the Committee on High School Mathematics Contest, by Professor 
H. N. Carter, University of Tulsa, Chairman. 


Although the committee was late in forming, and met with several difficulties, the contest 
was held, thanks to the assistance of Professor Fagerstrom. 


13. Report from the advisory committee of Junior Academy of Science, by Professor 
R. B. Deal, Oklahoma State University of Agriculture and Applied Science. 


Over 1900 science and mathematics teachers in Oklahoma have been invited to present aca- 
demic papers (in contrast with the usual “model” or “gadget” used in science fairs). Forty-seven 
papers were submitted for consideration, from which the program for the May 10th meeting will 
be selected. 


R. V. ANDREE, Secretary 


THE APRIL MEETING OF THE SOUTHWESTERN SECTION 


The annual meeting of the Southwestern Section of the Mathematical Association of 
America was held at the University of New Mexico, Albuquerque, New Mexico, on 
April 11-12, 1958. Dr. R. C. Hildner, Chairman of the Section, presided at the afternoon 
session on April 11, and also at the morning session on April 12. There were 63 persons 
in attendance, including 47 members of the Association. 

The following officers were elected: Chairman, Professor J. H. Butchart, Arizona 
State College at Flagstaff; Vice-Chairman, Professor R. B. Crouch, New Mexico College 
of Agriculture and Mechanic Arts; Secretary-Treasurer, Professor Deonisie Trifan, 
University of Arizona. 


The following papers were presented: 


1. A note on cancellation of groups of rank one, by Professor E. A. Walker, New 
Mexico College of Agriculture and Mechanic Arts. 


This note is concerned with the following question: if G and H are Abelian groups, if F is an 
Abelian group of rank one, and if FOG2F@H, is GH? It has been shown that if Fis infinite 
cyclic then GH (E. A. Walker, Proc. Amer. Math. Soc., Oct. 1956). Also if F is isomorphic to 
the additive group of rational numbers, then GH. For arbitrary groups of rank one the following 
hold: (a) G is isomorphic to a subgroup of H and H is isomorphic to a subgroup of G; (b) If G is 
torsion free and almost locally pure (for definition of almost locally pure, see abstract 542-108 in 
the Notices of the Amer. Math. Soc.) then GH. 


2. Problems in diophantine approximation, by Professor G. M. Petersen, University 
of New Mexico. 


Let {sa} be a sequence for which 0<s,<1 for all m, and J any interval (a, 6) in (0, 1). If 
I(x) =I, x€(a, 6), and I(x)=0, x €(a, b) then the sequence {sn} is well distributed if and only 
if limy..[J(Sym)+ +1(Sn49)]/p =b—a uniformly in p, for all intervals (a, 6). This definition 
is a modification of that of Weyl for uniformly-distributed sequences. Different cases of when uni- 
formly-distributed sequences are also well distributed are discussed. 


3. Cascading solutions of a nonhomogeneous equation of Mathieu-Hill type, by Pro- 
fessor R. M. Conkling, New Mexico College of Agriculture and Mechanic Arts. 


The differential equation 6+A6+(B—C cos wt)@=D cos wt becomes a nonhomogeneous 
Mathieu equation when the first derivative is removed by the usual substitution. Upon replacing 
cos wt by a square wave S(t), the method of Louis Pipes (J. App. Phys. vol. 24, July 1953, pp. 
902-910) can be adapted to give the solution as a matrix equation. 
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4. Government research, by Professor Charles Wexler, Arizona State College, Tempe. 


This was a proposal that the government gradually disband its own groups doing theoretical 
research not requiring specialized and extensive equipment, and parcel out the research on a part- 
time contract basis to appropriate college teachers. The following advantages are seen: (1) An 
influx of qualified technical personnel into college teaching where they are sorely needed. Their 
teaching salaries would be supplemented by the part-time contracts. (2) A better intellectual 
atmosphere to work in, unhampered by civil service restrictions and red tape. (3) More first-class 
minds contributing to the research. (4) As much or more research as is done now, at less cost. 


5. The ubiquitous integral equation of Abel, by Dr. G. M. Wing, Los Alamos Scientific 
Laboratory. 


The integral equation (*) F(t) = —s)G(s)ds, »>—1, and its generalizations are considered. 
Various classical instances in which (*) arises are discussed. Two recent problems at the Los Alamos 
Scientific Laboratory have led to equations of type (*). One has to do with an x-ray technique for 
determining the density p of material in a sphere, where p depends upon the radial position only. 
The other is an attempt to determine whether the neutrons observed in an experiment related to 
the controlled thermonuclear reaction arise from such a reaction or whether they have a spurious 
source. 


6. Some remarks on splitting theorems for monomial groups, by Professor R. B. 
Crouch, New Mexico College of Agriculture and Mechanic Arts. 


Let H bea group, Ua set and 2(H; B, d, C) the monomical group of H over U. Here 0(U)=B 
and d<C<B*. The normal subgroups of = are known (R. B. Crouch and W. R. Scott, Normal 
Subgroups of Monomizal Groups, Proc. Amer. Math. Soc., vol. 8, 1957, pp. 931-936). Let N bea 
normal subgroup of = contained in the basic group V. The question then arises, does = split over N? 
Denote by G the subgroup of H from which the factors of multiplications of N may be chosen. Let 
the subgroup G: of products of factors of multiplication of N be G. Assume that H splits over G 
and H=GK. It can then be shown that = splits over N, [= NR and R is the weak direct product 
of K unioned with the symmetric group S(B, C). 


7. A set theoretic counterexample, by Dr. W. W. Bledsoe, Sandia Corporation, intro- 
duced by the Secretary. 


Let F bea family of sets and S=\VB C FB. Derinition. Borel F = The smallest o-field containing 
F. Due to A. P. Morse is the following DEFINITION. Bor F=EA (A is $-measurable whenever } 
measures S and F C measurable ¢). THEOREM. Borel FC Bor F. Well-known is THEOREM A. Borel 
F=\UGCF;G is countable Borel G. \t is shown by counter-example that the result of Theorem A 
no longer holds whenever “Borel F” is replaced by “Bor F.” 


8. Determination of atmospheric density from satellite observations, by Dr. Herbert 
Knothe, Holloman Air Development Center, introduced by the Secretary. 


9. Properties of the tractrix and catenary, by Professor J. H. Butchart, Arizona State 
College, Flagstaff. 


Using synthetic methods, Professor Butchart showed that the catenary is the evolute of the 
tractrix, that the tractroid of revolution has constant negative total curvature, that the catenoid 
of revolution has less area than any other surface joining two circles on the same axis, and that this 
surface has zero mean curvature. He also obtained the derivatives of the inverse trigonometric 


functions directly from diagrams and showed that the locus of the focus of a parabola rolling on a 
line is the catenary. 


10. Mathematical problems arising in engineering analyses of heat transfer processes, 
by Dr. Knox Millsaps, Holloman Air Development Center, Holloman, New Mexico. 


The mathematical problems that arise in the solution to the partial differential systems which 
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describe the heat transfer from a solid boundary to a moving fluid are outlined. The particular 
case of the heat transfer to Hagen-Poiseuille flows is given in some detail as a typical example of 
the mathematical analysis. Possible generalizations to other physical situations are also discussed. 


11. >°(H, A, C, D) does not split over > ,(H, A, D, d), by Mr. A. B. Gray, Jr., New 
Mexico College of Agriculture and Mechanical Arts, introduced by the Secretary. 


It is well known that >-(H, A, D, d) is a normal subgroup of }-(H, A, C, B) with DSC, 
d<B. The group S(A, B) does not split over S(A, d). (This result was communicated to me by 
W. R. Scott.) If A, C, B)= A, D, d)\UL and A, D, d) is the identity then 
let T be the set of all s such that vs is in L where v is a multiplication with less than C nonidentity 
entries. The set T is a subgroup of S(A, B), S(A, B)=S(A, d)\VT and S(A, d) (\T is the identity. 
Thus S(A, B) splits over S(A, d) contradicting the above so )_(H, A, C, B) does not split over 
A, D, 4). 


12. Science, society, and survival, by Dr. J. W. McRae, President of the Sandia 
Corporation. 

13. Loci associated with families o plane osculants, by Mr. Louis Child, New Mexico 
College of Agriculture and Mechanic Arts. 


At Po of a plane curve I’, a member f; of the 5-parameter family F, of 4-pointic cubics meets 
each member ys of the 1-parameter family C, of 4-pointic conics in 4 points at Po and ordinarily at 
2 additional points P;, P: whose abscissas x, x2 are the roots of Yox?+-2yi1x-+y¥2=0 where the y; are 
polynomials of degree 4 in \, the parameter of C,. The roots As of =0 then 
determine points Pi, - - - Ps at which f, doubly contacts the corresponding conics. The Halphen 
point H(f,) for Pi, - - - Ps is thus unique for f;. The set H( Fs) of all such Halphen points for the 
members fs of the 1-parameter subfamily Fs of 8-pointic cubics forms a Halphen curve associated 
with Po, and the point H(f,) on this curve corresponding to the ordinarily unique 9-pointic cubic 
is a second Halphen point associated with Po. 


14. Some formulas related to least squares smoothing and predicting formulas, by Mr. 
W. L. Shepherd, Texas Western College. 


Consider the points (0, zo), (1, 1), - - + . By suitable translation we have 


p-1 p-1 p-1 p-1 
(1) VD cise = me i + (2) 

as normal equations for the linear least squares fit to the p points (k, z:), -- +>, (p+k—1, 2p4e-1), 
yielding a predicted value, say Zp, for 2p4x, given by Zp,4=mip+by. The formulas 

pl 
(3) D = + — 

p-l p-l 

‘<0 


are derived and used to obtain Z)424:. (3) and (4) are generalized. 


15. Finite divisibility in Abelian groups, by Professor D. L. Boyer, New Mexico Col- 
lege of Agriculture and Mechanic Arts, introduced by the Secretary. 


Some comments on a paper presented to the American Mathematical Society (abstract num- 
ber 542-108) by D. L. Boyer and E. A. Walker. 


16. An iterative method for determining a differential equation, by Dr. J. A. Ward, 
Holloman Air Force Base, Holloman, New Mexico. 


The purpose of this paper is to give an iterative method for finding the coefficients of a differ- 
ential equation if the form of the equation and some points on its solution are known. 
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The procedure applies for variable or constant coefficients. The method was developed on a 
digital computer for “real time” computation and for data that includes “noise.” 


17. On a decomposition of convex sets due to N. Aronszajn, by Professor K. R. Lucas, 
New Mexico College of Agriculture and Mechanic Arts. 

18. On the three-choice problem in dynamic programming, by Professor I. I. Kolodner, 
University of New Mexico. 


Let for 2,+++m, j=1, m: (1) OS <1, (2) S51, (3) 
(4) Tilfl=pe +++ , Cintn)), (5) TLf]=max; T;[f]. The optimal expected 
payoff f(x;,x2, - - - , Xn) of an m-choice discrete decision process is the solution of f= T[f].R. Bellman 
showed that this equation has a unique solution which is continuous but not necessarily differentia- 
ble. For m=2, n=2, a2=cn=0 (solution f2) a satisfactory resolution method has been found. 
THEOREM. Let as; = pics 1 4; =max; a;=min; f =>; ax;, f= ayx;. Then: 
(1) f=lim T*[f]=lim 7*[f], furthermore, the first (second) sequence is antitone (isotone) and 
fsf<sf; (2) f is an increasing function of the 1; (3) if for some s, 4;=a,; then fi: (4) for m=3, 
n=2, (three-choice problem, solution f;), f. 

D. Triran, Secretary 


THE MAY MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The annual spring meeting of the Allegheny Mountain Section of the Mathematical 
Association of America vas held on May 3, 1958 at Washington and Jefferson College, 
Washington, Pennsylvania. The Section Chairman, Professor I. Dee Peters of West 
Virginia University, presided at the morning session. Professor W. G. Brady of Washing- 
ton and Jefferson College presided at the afternoon session. There were 64 persons 
registered, including 28 members of the Association. 

At the business meeting, the by-laws of the section were amended to define the geo- 
graphical boundaries of the section and to provide for biennial election of officers. Pro- 
fessors E. E. Posey and J. H. Neelley, co-chairmen of the Section Committee on High 
School Contests, reported that 4220 students, representing 168 of the 400 high schools 
invited, participated in the 1958 contest. Professor J. K. Stewart of West Virginia 
University described their plans for a summer 1958 institute for high school teachers. It 
is intended to teach specific subject matter in mathematics and in physical science. 

The following short papers were presented: 

1. Some remarks on derivations of Lie algebras, by Professor G. F. Leger, University 
of Pittsburgh, introduced by Professor J. C. Knipp. 


This paper gives a discussion of some results on derivations of Lie algebras and culminates in 
an example of a Lie algebra L with Levi decomposition L=S+R such that D(L) splits over I(L) 
but D(R) does not split over J(R). This settles a question left open by the author in an earlier 
note (Proc. Amer. Math. Soc. vol. 4, 1953, pp. 511-514). 


2. Inequalities on the gravest tone of a vibrating string, by Professor R. A. Moore, 
Carnegie Institute of Technology. 


The lowest eigenvalue of the differential system y’’+Ap(x)y =0, y(0) =y(a) =0, is discussed. 
Upper and lower bounds for \; are obtained for positive continuous functions p(x), normalized 
by /jp(x)dx =w, in each of the following classes: (i) p(x) <m®, (ii) p(x) concave, (iii) p(x) convex. 
In case (i) the result is a generalization of Liaponnoff’s inequality: \.24/(aw —w?/2m?). 


3. Some algebraic, analytical and topological properties of algebraic curves, by Professor 
Mario Benedicty, University of Pittsburgh, introduced by Professor J. C. Knipp. 


Exposition of some modern developments of the most important branches of algebraic 
geometry, such as theory of equivalence on an algebraic manifold, fields of algebraic functions, 
abelian functions and group varieties, and their relationships with classical properties of algebraic 
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curves, in particular of elliptic cubics, such as linear series, algebraic functions of a point, elliptic 
integrals, birational transformations of the curve onto itself. 


4. What must be done about a new type of freshman, by Professor J. H. Neelley, 
Carnegie Institute of Technology. 


This paper opposes the teaching of analytic geometry and calculus by high schools. It points 
out that there is no credit that can be given by colleges for such courses; that many high school 
teachers are not properly prepared to teach these subjects; that most failures in freshman mathe- 


matics can be traced to algebraic ignorance. Hence, it advises more algebra instead of college courses 
in high school. 


5. Airy’s Differential Equation and Airy Functions, by Professor William Laird, 
University of Pittsburgh. 


A brief historical account of the researches of Sir G. B. Airy is presented together with the 
investigations leading to certain improper integral functions which satisfy the equation y’’ —xy=0. 
Properties of these solutions, called Airy Functions, are described together with a discussion of the 
differential equation and its application. 


6. An inverse Sturm-Liouville problem, by Professor A. D. Martin, Carnegie Institute 
of Technology. 


The focal function f(a, ) of a Sturm-Liouville equation (ry’)’+py =0 is defined to be the first 
zero to the right of a of the unique solution y = u(x, A) such that u(a, 4) =1 and r(a)u’(a, 4) = —cot X. 
It is then proved that if two equations (r;y’)’+p:y =0, ri, ; continuous functions on (— ©, ©) 
while r;>0 there for 1=1, 2, have focal functions f; and fe respectively such that for each x, 
fi(x, A) =f2(x, 4) for a sequence of values of which tend to zero, then r(x) =ro(x) and pi(x)=p2(x). 


7. Experimental science, mathematics, and the undergraduate, by Dr. D. H. Shaffer, 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania. 


It is becoming increasingly important for the worker in the physical sciences and engineering 
to recognize the existence of variability and chance occurrences in experimental work and to learn 
of the methods available for making sensible inferences from data in their presence. For such an 
awareness to be realized, the basic concepts and techniques of statistics must be taught (1) as a 
branch of mathematics, (2) to all students of science and engineering, and (3) as early as possible 
in the academic program. The teachers of mathematics should assume the responsibility of leading 
these students in this fascinating but underemphasized science. 


B. H. Mount, Secretary 
THE MAY MEETING OF THE ILLINOIS SECTION 


The thirty-seventh annual meeting of the Illinois Section of the Mathematical As- 
sociation of America was held at Illinois College, Jacksonville, Illinois, on May 8 and 9, 
1958. Professor C. T. McCormick, Chairman of the Section, presided at all sessions. 
There were 66 persons in attendance, including 50 members of the Association. 

At the business meeting on Friday afternoon the following officers were elected to 
serve for the coming year: Chairman, Professor A. E. Hallerberg, Illinois College; Vice- 
Chairman, Professor B. K. Brown, Milliken University; Secretary-Treasurer, Professor 
A. W. McGaughey, bradley University. 

Following the brief welcome by Professor E. B. Miller of Illinois College, the follow- 
ing program was presented: 


1. A study of the difficulties in algebra, by Professor G. H. Miller, Western Illinois 
University, introduced by the Secretary. 


This study was based on the results of an analysis of survey forms given to 389 students in 
two universities and two junior colleges in California. The recommendations based on the con- 
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clusions of the study were: (1) That more time be allotted to the topic of exponents and their 
interelationships with related topics in algebra such as logarithms, annuities, binomial expansion, 
and progressions; (2) the development of better teaching techniques for the difficult topics in alge- 
bra, i.e. probability and statement problems; (3) the suggestion that a study be made to determine 
the most vital topics for instruction of higher mathematics and science. 


2. A letter of Philip Melanchthon, by Professor Marian Moore, Southern Illinois 
University. 


Philip Melanchthon, 16th century educator and religious reformer, wrote many texts, edited 
many classics, and furnished introductions to others. In particular he wrote an introduction to the 
1537 Basle edition of Euclid, which was a reissue, with slight changes, of the 1516 Paris edition. 
Melanchthon’s introduction, A Letter to Young Students, is chiefly a plea for humanism in educa- 
tion. The notion of an axiomatic system being chosen for its usefulness was evidently unknown to 


Melanchthon, who apparently agreed with an ancient view that geometry was handed down from 
Olympus. 


3. The use of semigroups in the teaching of modern algebra, by Professor A. O. Lind- 
strum, Jr., Knox College. 


The author defined a semigroup and illustrated it by using a mapping of a set into itself so 
that many important and fundamental concepts such as the associative law, the commutative law, 
and the cancellation law could be made clear. The use of semigroups in defining factoring, in 


stating multiplicative properties of ideals, and in constructing linear associative algebras was also 
briefly discussed. 


4. Peeks behind the Curtain, by Professor S. S. Cairns, University of Illinois. 


This nonmathematical after-dinner speech compared Soviet with American educational phi- 
losophies, problems and procedures. 


5. UICSM course in deductive plane geometry, by Professor H. E. Vaughan, Uni- 
versity of Illinois. 


The paper dealt with a set of postulates adequate to a rigorous development of Euclidean 
plane geometry. 


6. Evaluation of National Science Foundation Summer Institutes, by Professor M. 
Anice Seybold, North Central College. 


The author recounted some of her experiences as an evaluator of National Science Foundation 
Summer Institutes in Science and Mathematics during the summer of 1957. She discussed physical 
facilities, students, teachers and courses, illustrating how they varied in the institutes she visited. 
New kinds of courses and new kinds of teaching are evolving as a result of these institutes. There 
is some indication that a new master’s degree in the teaching of subject matter may develop. 


7. An experiment with modern mathematics, by Professor Flora Dinkines, University 
of Illinois, Chicago Undergraduate Division. 


The paper presented a report of noncredit lectures provided twice a week in modern mathe- 
matics. 


8. A new approach to the teaching of intermediate mathematics, by Professor Karl 
Menger, Illinois Institute of Technology. 


Summer Institutes initiating high school teachers into concepts of modern algebra and ideas 
of topology undoubtedly are stimulating experiences to many participants. But it is not apparent 
how the teachers might extensively utilize those ideas in their own teaching of intermediate mathe- 
matics. The main difficulties that beset their students concern the antiquated conceptual and 
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symbolic frame in which intermediate mathematics and its applications are being presented: the 
discrepant meanings of the term variable; the anonymity of the identity function; the lack of 
articulate rules for the use of important symbols; and, especially, the inconsistent uses of the 
letters x and y. What high school teachers ought to be trained in is, above all, the clarification of 
those obscure ideas. 


A. W. McGauauey, Secretary 


MAY MEETING OF THE MISSOURI SECTION 


The Missouri Section of the Mathematical Association of America met at the Uni- 
versity of Missouri, Columbia, Missouri, on Saturday, May 3, 1958. Professor J. D. 
Elder, Vice-chairman of the Section, presided at the morning session, and Professor 
H. D. Brunk, Chairman of the Section, presided at the afternoon session. In attendance 
were 52 persons, including 34 members of the Association. 

At the business meeting, the following officers were elected for the coming year: 
Chairman, Professor Francis Regan, St. Louis University; Vice-Chairman, Professor 
H. M. MacNeille, Washington University; Secretary-Treasurer, Professor Louise Beas- 
ley, Lindenwood College. The recommendation of the Committee on High School Con- 
tests, namely, that the Missouri Section initiate and conduct the M.A.A. High School 
contests in the high schools of Missouri in 1959, was voted upon favorably. 

The program was as follows: 

1. Convergence of a certain continued fraction, by Professor David Dawson, Uni- 
versity of Missouri. 


H. von Koch (Ofersigt af Kongl. Vetenskaps-Akad. Forhandlinger, vol. 52, 1895) showed that 
the continued fraction 1/1+a:/1++-a:/1+ +++ converges in case infinitely many of the a, are 
distinct from zero and }-a,<1. Dennis and Wall (Duke Math. J., vol. 12 (1945), pp. 255-273) 
improved this result by use of some general convergence theorems. The purpose of this paper is to 
show that the continued fraction converges in case ye 1 and three of the a, are distinct from 
zero. The proof is elementary, involving only the continued fraction algorithm. If a;=a,= —3, 
a,=0 for p>2, then the continued fraction does not converge. 


2. A natural metric group associated with a metric space, by Professor J. W. Riner, 
St. Louis University. 


Let (X, d) be a metric space and let H be the free group with free basis X satisfying the rela- 
tions xy=yx and x.=1 for all x, y in X. Let G be the set of all elements in H of the form: 
Then G is a subgroup of H. Let N(u)=N(xixe + xen) =min. > ) 
where (01, - * + , Yan) is a permutation of the integers (1, - - - , 2”) and the min. is taken over all 
such permutations. The function 0(u, s)=N(us), for u and s in G, is a metric making G a metric 
group. X is homeomorphic to a subset of G, and if X is connected, then G is connected. 


3. Summer institutes, by Professor C, A. Johnson, Missouri School of Mines and 
Metallurgy. 


The National Science Foundation Summer Institute program for high school teachers has 
grown rapidly since its inception in 1953. The Missouri School of Mines Institute for mathematics, 
physics, and chemistry teachers represents a typical program for improvement of high school 
science teaching. The Institute gives teachers an opportunity to learn implications of developments 
in modern mathematics for the secondary program. Teachers who participate in the Institute will 
be in a better position to carry out the revision in curricular offerings suggested by the Commission 
on Mathematics. 


4. Nonassociative algebras, by Professor L. A. Kokoris, Washington University. 


The author’s recent work on nodal noncommutative Jordan algebras is used to illustrate some 
concepts of nonassociative algebras. 


+ 
. 
ix 
‘ 
i 


1958] THE MATHEMATICAL ASSOCIATION OF AMERICA 569 


5. A representation symbol applied to Waring’s theorem, modulo p, by Professor J. D. 
Elder, St. Louis University. 


The author gave an expository account of the representation symbol, [a, b, c], introduced by 
Sr. M. F. Torline, C.S.J. in her doctoral dissertation. Implicative properties were given, and their 
uses in problems connected with Waring’s theorem were discussed. 


6. Electronic computers, information and education, by Professor P. C. Hammer, 
University of Wisconsin. (By invitation.) 


If it is agreed that a proof is in a chain of symbols, machines can and do prove theorems. More 
generally, they answer questions. The principal role of computing machines is to prove propositions 
and answer questions. It is an obstacle to the use of machines that mathematicians consider they 
are dealing with infinite processes, which they say cannot be done by machine. While it may be 
debated whether there are infinite processes, there is no doubt that no one deals with any process 
with infinite means. Hence, there are no stated proofs which could not be duplicated on a computer. 

Mary L. CumminGs, Secretary 


THE MAY MEETING OF THE ROCKY MOUNTAIN SECTION 


The forty-first annual meeting of the Rocky Mountain Section of the Mathematical 
Association of America was held at Colorado State College, Greeley, Colorado, on 
Friday afternoon and evening and Saturday forenoon, May 9 and 10, 1958. Professor 
D. O. Patterson, Chairman of the Section, presided at all three sessions. On Saturday 
morning the Section held a joint meeting and luncheon with the Colorado Council of 
Teachers of Mathematics. 

There were 107 persons registered for the meeting, including 67 members of the 
Association. Officers elected at the meeting for 1958-1959 were: Chairman, Professor 
N. C. Hunsaker, Utah State Agricultural College; Vice-Chairman, Professor J. W. Ault, 


United States Air Force Academy; and Secretary-Treasurer, Professor F. M. Carpenter, 
Colorado School of Mines. 


The following papers were presented: 


1. Solving boundary value problems by use of Green’s function in conjunction with the 


Laplace transform and separation of variables, by Professor L. C. Barrett, South Dakota 
School of Mines. 


The primary purpose of this paper is to point out how an influence function, i.e. Green’s func- 
tion, may be utilized together with the Laplace transform and separation of variables to facilitate 
a solution of boundary value problems of engineering and physics. Among the notable features of 
the method are: (a) Its capacity to yield the inverse of certain Laplace transforms without requir- 
ing recourse to complex variable theory. (b) The method enables one to escape the tedium of the 
step-by-step procedure, and subsequent use of superposition, usually followed in solving such prob- 


lems by separation of variables. (c) Time-dependent boundary conditions present no special diffi- 
culty to the method. 


2. The radiation of waves from a point source, by Professor R. W. McKelvey, Uni- 
versity of Colorado, introduced by the Secretary. 


The object of the paper is to obtain by a new method, a known expression for a radiation solu- 
tion of the generalized wave equation, 


The coefficients a;;, a;, a are variable functions of space, but are constant in time. The matrix (a;;) 
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is positive-definite. [For an exact definition of a radiation solution, see Courant-Hilbert, Mathe- 
matischen Physik II, Berlin, 1937, p. 453]. The formula in question has been obtained by the meth- 
ods of Hadamard. [loc. cit., p. 154]. The procedure given here avoids many of the complications of 
those methods, while preserving the spirit. It consists of a construction process, resembling Hada- 


mard’s construction of the fundamental solution. [J. Hadamard, Lectures on Cauchy's Problem, 
New York. ] 


3. Coset spaces in topological groups and their relation to the group, by Mr. D. A. Ford, 
Graduate Assistant, University of Utah. 


A topological group is an abstract group defined on the elements of a topological space where 
x71 is continuous in x, and the product xy is continuous in x and y simultaneously. If H is a sub- 
group of a topological group G, then the space of left cosets G/H is a topological space and if H is 
invariant, G/H is a topological group. The paper deals with the relation of topological properties 


among the group, subgroup and coset space. For example, if H and G/H are compact, then G is 
compact. 


4. Geometries based on the undefined terms “sets” and “inclusion,” by Professor 
Aboulghassem Zirakzadeh, University of Colorado. 


E. V. Huntington, in 1913, introduced a set of axioms for Euclidean Geometry which was 
based on the undefined terms “set” and “inclusion.” Using these undefined terms and changing the 
given axioms, it is possible to find other geometries, finite and infinite. A minimum set of axioms is 


given to insure that the resulting geometries are sufficiently regular. The consistency and independ- 
ence of these axioms is proven. 


5. Variation of parameters in solving systems of difference equations, by Professor L. C. 


Barrett and Professor F. E. Dristy, South Dakota School of Mines, presented by Pro- 
fessor Dristy. 


The primary purpose of this paper is to illustrate how the method of variation of parameters, 
so familiar in finding particular integrals of nonhomogeneous linear differential equations, may be 
extended to determine a particular solution of a nonhomogeneous system of linear difference equa- 
tions. At the same time a technique is developed for solving such a system which, in contrast to the 
usual procedure, may be applied directly to the system. Thus, the usual reduction of the system to 
a single difference equation before solving becomes unnecessary. 


6. Heat conduction with variable thermal conductivity in a sphere, by Professor Nathan 
Schwid, University of Wyoming. 


When the dependence of the diffusivity coefficient k/cp of the heat conduction equation upon 
the temperature is sufficiently significant to warrant its consideration, the equation becomes non- 
linear. The quantity k, the thermal conductivity, is then a function of temperature with cp, the 
product of specific heat and density, constant. If we take k/cp as a+fu, where 8/a is small, and u 
is the temperature, an approximation to the temperature in a sphere under simple boundary condi- 
tions is obtained which approximates the solution for substantial values of ¢. 


7. The geometry of f(n, a) = >e**, k=0, - - - ,n, by Professor Emeritus A. J. Kemp- 
ner, University of Colorado. 


An obvious vector construction is combined with the geometrical multiplication in the plane of 
complex numbers of all points on one curve by all points of a second curve to obtain results of which 
the following is representative: The “Wertevorrat” (Set of values assumed) of 
=f(m, 2), a1/x, a2/x irrational, ki, ke independently over 0, 1,-+ +, m, and 0, 1,°--, ms, re- 
spectively, m, m2< © is given by the cardioid ap sin (a/2) sin (a2/2)=1— cos (6+1:/2+a2/2). 
In this cardioid the functional values are distributed everywhere densely. 
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8. Mathematics program for outstanding cadets at USAFA, by Professor W. Milliken, 
United States Air Force Academy. 


Three levels of mathematics have been established at the Air Force Academy. The regular 
course is the usual two-year engineering mathematics course with spherical trigonometry, some 
statistics and differential equations added. A cadet may advance from this course to the accelerated 
course at the beginning of the second semester. The accelerated course covers the same material 
plus a course in elementary statistics in a year and a half. The super-accelerated course covers this 
material in one year. Thus, there is extra time available for cadets in the faster programs to take 
additional advanced mathematics courses or other electives. 


9. Mathematical education in Europe, Britain, and the United States, by Professor 
W. W. Rogosinski, King’s College, Durham University, England; Visiting Professor, 
University of Colorado. 


An attempt is made to point out and to explain the striking differences in mathematical educa- 
tion, both at high school and university level, as seen in Continental Europe, Britain, and the 
United States of America. The explanation is sought in a different philosophy of education in gen- 
eral which, in turn, is conditioned by different history and tradition: the scholastic idealism of 


Europe, its realistic variant in Britain, and the social (and materialistic) trend in Americau 
education. 


10. A sequel to Euclid, by Professor H. S. M. Coxeter, University of Toronto. (Invited 
Address.) 


11. Coaxal circles and inversion, by Professor H. S. M. Coxeter, University of 
Toronto. 


Any two given circles belong to a pencil of coaxal circles consisting of all the circles orthogonal 
to any two circles, a and 8, orthogonal to the two given circles. The arbitrariness of a and £ is es- 
tablished by inverting the two given circles into straight lines or concentric circles. When inverted 
with respect to a sphere whose center is outside the plane, two orthogonal pencils of coaxal circles 
yield sections of a sphere (the inverse of the plane) by pencils of planes through two polar lines. 
Such a pencil of circles is hyperbolic (i.e., intersecting), parabolic (touching), or elliptic (disjoint) 
according as the common line of the planes is a secant, a tangent, or an exterior line. 


12. Oscillation and non-oscillation of second order complex differential equations, by 
Mr. R. W. Hunt, Graduate Assistant, University of Utah. 


The primary object of this paper was to investigate the zeros on aS<x< © of solutions of the 
differential equation (py’)’+fy=0, with » and f complex-valued continuous functions of the real 
variable x. By the use of an associated system of two real, second-order equations obtained by writ- 
ing p, f, and yin polar form, two sufficient conditions for disconjugacy (at most one zero ona Sx< @) 
of all nontrivial solutions were obtained. Then a special form of this equation, (y’/q)’+dy=0, q 
complex-valued, was changed to the first order system y’ =i, s’ = —qj, with solutions s(x) =s[a, 
x; q| and e(x)=c[a, x; g] corresponding to the boundary conditions y(a)=0, 2(a)=1. Finally s[a, 
x; q] and cla, x,; q] were shown to have two properties analogous to well-known properties of the 
real sine and cosine functions; namely, | s| 24| | *=1 and, for k=1, s|a,x; kq|=ks[a, x; q], 
cla, x; kq]=c[a, x; g]. 


13. A multiple integral approach to Taylor's theorem, by Professor L. C. Barrett and 
Mr. D. W. Willett, Student, South Dakota School of Mines, presented by Mr. Willett. 


This note presents several elementary geometrical considerations, involving lengths, areas, 
and volumes, which lead quite naturally to a multiple integral approach to Taylor’s theorem. 


14, Evaluation of a limit from the theory of heat flow, by Dr. H. R. Bailey, Mathema- 


tician, Ohio Oil Company Research Center, Littleton, Colorado, introduced by the 
Secretary. 
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The problem of heat conduction in an infinite homogeneous medium from the surface of a 
cylinder whose radius is increasing with time is solved by the Green’s function method. The solu- 
tion is obtained as an integral of the form I=/}f(t, r)dr. A method is given to obtain an explicit 
evaluation of this integral for t— ~ for the case of the cylinder radius increasing at a constant veloc- 
ity. It is shown that the integral can be divided into two parts, I= /7 "f(t, r)dr+Ji,yf(t, r)dr, where 
the last integral goes to zero as t+ and the integrand in the range [0, t/N] can be replaced by an 
asymptotic expression which can be integrated explicitly as a function of N. Finally the desired 
limit is obtained by passing to the limit as N- ~. 


15. An application of the decomposition of a matrix into principal idempotents, by 
Professor D. W. Robinson, Brigham Young University. 


As a simple application of the decomposition of a (diagonable) matrix into principal idempo- 
tent elements, this note provides a proof of the following well-known result: if the mth derivative 
of a function f exists at «, then it can be computed as the limit of A )°*_,(7n)(—1)"fla+(n—m)h] 
as h approaches zero. 


16. Families of Sturm-Liouville systems, by Mr. E. L. Dunn, Colorado State Uni- 
versity, introduced by Professor F. M. Stein, Colorado State University. 


A family of Sturm-Liouville systems is defined as the collection of all Sturm-Liouville systems 
whose equations can be obtained by repeatedly differentiating and integrating a Sturm-Liouville 
equation. For each system, similar boundary conditions apply to the same interval. In this paper 
the conditions are developed such that a Sturm-Liouville system may generate a family. It is shown 
that (1) if a Sturm-Liouville system generates a family, the kth derivatives and antiderivatives of 
its eigenfunctions form orthogonal sets, and (2) if the eigenfunctions of the generating system are 
not polynomials the sets of eigenvalues for all members of a family are identical. The case when the 
eigenfunctions are polynomials must be considered separately. 


17. Let's not go off the deep end! by Professor A. W. Recht, University of Denver. 


The general theme is in opposition to the idea of introducing Boolean algebra, sets, and simi- 
lar types of theoretical mathematics into high school and elementary college courses. We are al- 
ready teaching too much “gifted” mathematics to the general student, and not teaching success- 
fully the kind of mathematics the 85 per cent or perhaps the 100 per cent, ought to have before 
they go into the so-called superior pure mathematics. Maybe we have an inferiority complex, and 
are running away from our real job, which is to bring up all people in our democracy to their full 
potentialities with a more democratic kind of mathematics. 


18. The work of the Commission on Mathematics, by Professor Henry Van Engen, 
University of Wisconsin, Madison. 


See this MonTHLYy, Report of the May Meeting of the Wisconsin Section. 
F. M. CARPENTER, Secretary 


MAY MEETING OF THE WISCONSIN SECTION 


The twenty-sixth annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at Carroll College, Waukesha, Wisconsin, on May 3, 
1958, Professor R. D. Wagner, Chairman, presiding. Sixty-nine attended the meeting, 
including forty members of the Association. 

At the business meeting of the Section the following officers were elected for the 
coming year: Chairman, Prof. J. V. Finch, Beloit College, Beloit, Wisconsin; Vice-Chair- 
man, Prof. C. B. Hanneken, Marquette University, Milwaukee, Wisconsin; Secretary- 
Treasurer, Sister Mary Felice, Mount Mary College, Milwaukee, Wisconsin. 

Mr. J. W. Kennedy gave the following report of the 1958 high school mathematics 
contest: A preliminary contest was held on Feb. 27, in 237 schools in the state, with 
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9516 students participating. This contest was intended to help teachers choose students 
for the final contests. Scores on this preliminary test were sent to the committee who 
then established a score to cut off all but the top 1000 students. Teachers were free, 
however, to enter any student in the final contest according to their own discretion. The 
final contest was held at twenty-seven centers throughout Wisconsin, on April 12, with 
950 participating from 172 schools. 

After a short address of welcome by President Robert D. Steele of Carroll College, 
the following papers were presented: 


1. On linear inequalities, by Prof. J. V. Talacko, Marquette University. 


As the mathematization of behavioral and empirical sciences continues, we are concerned with 
solutions of systems of linear inequalities. One class of these problems, useful in Operational Re- 
search, Industry and Management, is known as the Linear Programming. The problem was formu- 
lated and, by comparison to solutions of a system of linear equations by inverse or unit matrix, the 
formulation of Simplex Matrix and the Simplex Algorithm was demonstrated as the computational 


procedure. Finally, a typical maximum mixture problem was formulated, analyzed and solved by 
simplex. 


2. Integration in finite terms, by Dr. E. C. Posner, University of Wisconsin, Mad- 
ison, introduced by Prof. J. V. Finch, Beloit College. 


The purpose of this paper was to give some meaning to such oft-repeated statements as “e*/x 
cannot be integrated explicitly,” and to give some idea of their proof. Working over the complex 
numbers, we use functions exp and log; start with the algebraic functions, exp and log them, take 
all rational combinations, in fact, anything satisfying a polynomial equation with these as coefh- 
cients. Do this again and again. A function that can be obtained in this way is called elementary. 
THEOREM. If fe%)y(x)dx is elementary with g(x), y(x) rational, then this integral is e**w(x)+C, for 
some rational w(x). COROLLARY. fe*/x dx is not elementary. 


3. Queuing theory and applications, by Dr. W. A. Golomski, Oscar Mayer & Co., 
Madison, Wisconsin. 


In trying to minimize the waiting time in lines where the input and servicing time is known or 
can be approximated, a broad theory has been developed in terms of the various cumulative dis- 
tribution functions involved as well as by differential-difference equations or integral equations. 
Approximations can be made in many cases in the meat packing industry so that problems of wrap- 
ping, hauling, weighing, unloading and loading can be solved by queuing theory techniques. This 
type of problem requires modifications of known techniques. Examples were given. 


4. A symposium on recent trends in mathematical education, including: 
a. A report on the work of the Commission on Mathematics of the College Entrance 
Examination Board, by Prof. Henry Van Engen, University of Wisconsin, Madison. 


The Commission on Mathematics hopes to redirect the secondary mathematics program by 
(1) bringing in new mathematical ideas, (2) eliminating ideas which are not in the present stream 
of mathematical interest, and (3) providing an organization of content based on fundamental 
mathematical ideas. 

In providing for a new high school program, the Commission has kept in mind that calculus 
must remain as a college subject, but that all work preparatory to a combined analytical geometry 
and calculus course should be considered as high-school work. 


b. Report on the Summer Institute in Social Science for College Teachers of Mathe- 
matics, by C. J. Vanderlin, Wisconsin State College, Whitewater. 


In addition to lectures on economics, psychology, sociology and social psychology, the mem- 
bers of this institute were given background materials in mathematics, primarily in the fields of 


| 


574 THE MATHEMATICAL ASSOCIATION OF AMERICA [September 


linear inequalities, linear programming, theory of games, and probability. The morning sessions 
were devoted to these lectures while the afternoon sessions were spent in informal discussion, talks 
by guest speakers, and “problem generating.” An attempt was made to formulate a group of prob- 
lems, with applications in the social sciences, which could be used in the traditional freshman and 
sophomore programs. The results were 91 problems presented by the members of the Institute, 


several of which were read by Mr. Vanderlin. 


These papers were followed by lively discussion arising from questions raised particularly by 


high school teachers present. 


S1sTER Mary FELIce, Secretary 


CALENDAR OF FUTURE MEETINGS 
Forty-second Annual Meeting, University of Pennsylvania, Philadelphia, Pennsyl- 


vania, January 22-23, 1959. 


Fortieth Summer Meeting, University of Utah, Salt Lake City, Utah, August 31- 


September 3, 1959. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, University of Pitts- 
burgh, May 2, 1959. 

ILu1nots, Millikin University, Decatur, May 
8-9, 1959. 

INDIANA, Marian College, Indianapolis, No- 
vember 7, 1958. 

Iowa, State University of Iowa, Iowa City, Oc- 
tober 17, 1958. 

KANSAS 

Kentucky, Centre College of Kentucky, Dan- 
ville, April, 1959. 

Buena Vista Hotel, 
Biloxi, Mississippi, February 13-14, 1959. 

MARYLAND-DIsTRICT OF COLUMBIA-VIRGINIA, 
George Washington University, Washing- 
ton, D. C., December 6, 1958. 

METROPOLITAN NEW YORK 

MicuiGan, Michigan State University of Agri- 
culture and Applied Science, East Lansing, 
March 28, 1959. 

MINNESOTA, University of Minnesota, Duluth, 
Fall, 1958. 

Missouri, Lindenwood College, St. Charles, 
Spring, 1959. 

NEBRASKA, University of Nebraska, Lincoln, 
April 18, 1959. 

NEw Jersey, Rutgers University, New Bruns- 
wick, November 1, 1958. 


NORTHEASTERN, College of the Holy Cross, 
Worcester, Massachusetts, November 29, 
1958. 

NORTHERN CALIFORNIA 

OHIO 

Ox.aHoMA, Oklahoma City University, Oc- 
tober 24, 1958. 

Paciric NorTHWEST, University of Oregon, Eu- 
gene, Oregon, June 19, 1959. 

PHILADELPHIA, Lehigh University, Bethlehem, 
November 29, 1958. 

Rocky Mountain, Utah State University of 
Agriculture and Applied Science, Logan, 
Spring, 1959. 

SOUTHEASTERN, East Tennessee State College, 
Johnson City, March 20-21, 1959. 

SOUTHERN CALIFORNIA, University of Red- 
lands, March 14, 1959. 

SOUTHWESTERN, Arizona State College, Tempe, 
Spring, 1959. 

Texas, University of Texas, Austin, April, 
1959. 

Uprer New York State, Hartwick College, 
Oneonta, May 9, 1959. 

Wisconsin, Wisconsin State College, Platte- 
ville, May, 1959. 
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SENIOR OPERATIONS RESEARCH ANALYST 
to apply advanced math techniques to weap- 
ons systems analysis and evaluation, working 
with a rapidly developing group that has a 
wide range of experience. Assignment entails 
simulating tactics involving advanced weap- 
ons systems concepts, then deriving methods 
for evaluating operational effectiveness of 
alternate design concepts. Supporting this 
assignment is a large computing laboratory, 
including a 704 DPM and an extensive analog 
computation installation. 


Qualifications: M.S. or Ph.D. in mathe- 
matics or physics and three to five years’ ex- 
perience. 


COMPUTER ANALYST to make math analyses 
of inertial control systems. Should be able to 
understand and evaluate various alternate 
computational approaches to the solution of 
control problems. Will create mathematical 
models of bombing and navigational systems 
for solution by a real-time digital computer 
and will analyze and evaluate such del 
on the basis of system performance and 
computational accuracy. 


Qualifications: Ph.D. or M.S. in Physics 
or Engineering Science with strong math 
background and one to four years’ experience 
in using digital techniques to solve real-time 
control problems. 


SENIOR PROGRAMMER to analyze engi- 
neering problems and develop machine pro- 
grams to solve them by digital computers. 
Should be able to produce excellent machine 
programs and grasp the techniques of creat- 
ing programs for digital computer. Will de- 
velop digital programs to solve bombing and 
navigation systems in real time and to 
evaluate such programs for control systems 
by means of simulation on the 704 data 
processing machine. 


Qualifications: M.S. in Physics or Engi- 
neering Science with strong math background 
and at least two years’ experience solving 
problems by digital computer, preferably in 
the field of real-time control. 


DIAGNOSTIC PROGRAMMER to write pro- 
grams to do diagnostic work for a real-time 
digital computer. Should understand what 
takes place in control systems and be able to 
write programs to diagnose troubles. Pro- 
grams are for a real- time digital computer 
used in bombi tional systems and 
involve use of a “704 DPM to simulate logic 
of the computer. 


Qualifications: M.S. in Physics or Engi- 
neering Science with math minor and at 
least two years’ experience in diagnostics or 
design of digital computers. 


CONTROL SYSTEM ANALYST to perform 
physical and mathematical analyses necessary 
to solve complex inertial control systems by 
use of real-time digital computers. Applica- 
tions in the area of navig bing sys- 
tems, missile systems, special-purpose com- 
puter systems such as DDA, etc. 


Qualifications: Ph.D. or M.S. in Physics 
with strong math minor and up to two years’ 
experience. 


Advantages of IBM 


A recognized leader in the electronic com- 
puter field . . . stable balance of military 
and commercial work . . . advancement on 
merit . . . company-paid relocation expenses 
. liberal company benefits . . . salary 
commensurate with ability and experience. 


Immediate openings at Owego, N.Y. 
WRITE, outlining qualifications and experi- 
ence, to: 
Mr. P. H. Strohm, Dept. 510 T 
IBM 
Military Products Division 
Owego, N.Y. 


INTERNATIONAL 
BUSINESS MACHINES 
CORPORATION 


DATA PROCESSING - ELECTRIC TYPEWRITERS - 
MILITARY PRODUCTS - SPECIAL ENGINEERING 
PRODUCTS - SUPPLIES - TIME EQUIPMENT 


PHYSICISTS...MATHEMATICIANS...EE’ 


Scientists and 
Mathematicians with 
Advanced Degrees 


With the best will in the world, every company cannot provide deserved promotion 
for all its good men. 


Company growth is essential to staff advancement. 


Company emphasis on research and development in forward areas is necessary, to 
provide able men with the assignments and facilities that make scientific discoveries 
possible. 

IF YOU FIND YOUR PROGRESS SLOWED at this time, look into the opportunities available 
today for highly trained, creative men in: 

Basic and Applied Reasearch at SYLVANIA’S New Amherst, N. Y. Engineering Lab. 


Broad investigations leading to advances in communications concepts and techniques 
are under way in such areas as: 


® interplanetary Communications Systems @ Composition of Space @ Statistical 
analysis of noise & fading ¢ Optimum signals or communication channels e Efficient 
applications of redundancy @ Physics of the communication channel @ Error 
correction & error detection @ Theoretical & applied probability theory e Physical 
basis of communication @ Wave propagation in missile & satellite environments. 


The Amherst Laboratory is expanding. New facilities were completed only a few 
months ago and plans call for a substantial increase in the professional staff. There 
is practically no limit to how far an original thinker can go in advanced communica- 
tions with Sylvania. 


OPENINGS IN MATHEMATICS GROUP. Research in diverse areas related to com- 
munications theory. Current work concerns finite group theory, number theory, 
difference sets and projective geometry, error-correcting codes, statistical theory of 
communications and noise, applications of Markov processes to message transmission 
problems, computer applications, etc. MS, PhD or equivalent in Mathematics; or 
physics with strong math background. 


Please Write to: Dr. Robert Malm, Amherst Engineering Laboratory 
ELECTRONIC SYSTEMS DIVISION 


¥ SYLVANIA ¥ 


SYLVANIA ELECTRIC PRODUCTS INC. 


1160 Wehrle Drive, Amherst 21, New York 
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The Jet Propulsion Laboratory 


now has opportunities open for Ph.D. Mathematicians of U.S. Citizenship to participate in 


many challenging problems relating to all phases of jet propulsion, aerodynamics, missile 
control and satellite flight. 


Positions involve assignments in mathematical analysis, r ch in rical ana 


c lysis 
and consultation in applied mathematics. Computer facilities include an IBM-704 digital 
computer. Staff accommodations are excellent, 


The laboratory is a continuing operation devoted to scientific research and development 
offering many opportunities for increasing responsibilities in an expanding activity. 


JET PROPULSION LABORATORY 
A DIVISION OF CALIFORNIA INSTITUTE OF TECHNOLOGY 
PASADENA « CALIFORNIA 


THE COMPUTING LABORATORY IN THE UNIVERSITY 


Edited by Preston C. Hammer 


Thirty-one experts from the 1955 conference on the 
computing laboratory in the university discuss the place 
of the university in the computing field, as well as par- 
ticular applications of computers in science and indus- 
try, the problems of training personnel for computing, 
and ways to establish computing laboratories in univer- 
sities. 

256 pages $6.50 


THE UNIVERSITY OF WISCONSIN PRESS 
430 Sterling Court ° Madison 6, Wisconsin 
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Sourcebooks for the C.U.P.’s Basic Courses... 


For the first college course (all qualified students ): 
1. UNIVERSAL MATHEMATICS 


(A rearranged edition of Universal Mathematics Part I.) The basic 
one-semester course in “Graphs and Calculus.” Analytic geometry 
(affine assumptions only); derivatives and integrals of polynomials; 
applications; calculus of exponential and logarithmic functions 


and general powers. 


2. ELEMENTARY MATHEMATICS OF SETS—WIT 
APPLICATIONS 


(A completely rewritten version of Universal Mathematics Part 
II.) This one-semester course is meant to foster intuitive command 
of the elementary language and techniques of sets. Natural num- 
bers; combinatorial analysis; applications in simple mathematical 
models; elementary probability theory; basic descriptions of al- 


gebraic structures. 


A special second course, designed chiefly for biology and 


social science majors: 


MODERN MATHEMATICAL METHODS AND MODELS 


3. M-4 Volume 1: MULTICOMPONENT MODELS 


‘A one-semester course chiefly emphasizing algebra and analysis of 
functions of several variables. Vector spaces and matrix algebra; 
handbook techniques in calculus and in difference and differential 
equations; partial derivatives; convex functions; optimization 
problems with linear inequality constraints; applications to the 
social and biological sciences. 


4. M-4 Volume Il: MATHEMATICAL MODELS 


Continuation of Volume I: Probability theory and Markov chains; 
order relations. Mathematical models: positive matrices; input- 
output models in economics; paired comparisons and associated 
orderings; sociological stratification theory; acceleration-multi- 
plier model in economic theory (second order difference equa- 
tion); the analogues differential equation for electric circuit 


theory. Theory of simple games. 


Also—Mathematical expositions: 


5. CALCULUS AND ANALYTIC GEOMETRY 


(Notes on the lectures for the Princeton Honors Course by Professor E. Artin) 
Any interested person may get a FREE copy of any of these books by writing to 


Professor H. M. Gehman 
Mathematical Association of America 
University of Buffalo 

Buffalo 14, New York 


COMMITTEE ON THE UNDERGRADUATE PROGRAM 
MATHEMATICAL ASSOCIATION OF AMERICA 
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RONALD Books ... 


BASIC MATHEMATICS 


H. S. Kaltenborn, Samuel A. 
Anderson, and Helen H. Kaltenborn 
—all Memphis State University 


New textbook gives a sound introduction 
to college mathematics for sci nce, pre-medi- 
cal, and pre-engineering students. Requires 
only a knowledge of simple arithmetic. A 
clear, concise presentation stressing basic 
principles and mechanical procedures. “. . 
a very good book.” W. N. Huff, University 
of Oklahoma. Instructor’s Manual available. 
74 ills., tables; 392 pp. 


TRIGONOMETRY 


Roy Dubisch, Fresno State College 


Presenting trigonometric functions as func- 
tions of real numbers, popular book seeks to 
relate trigonometry more closely to other 
mathematical courses. Trigonometric func- 
tions of angles are presented as a supporting 
topic. “. .. an extensive and lucid treatment.” 
The American Mathematical Monthly. 
Arc length protractor and scale included. 
119 ills., tables; 396 pp. 


PRINCIPLES OF 
STATISTICAL ANALYSIS 


Samuel B. Richmond, 
Columbia University 


Designed as an introduction to statistical 
analysis, this eminently teachable textbook 
presents a thorough treatment of collection, 
analysis, and presentation of statistical data. 
Well-illustrated, book is oriented around the 
modern concept of statistical induction. “. . . 
a well-organized document, . .” Advanced 


Management. 210 ills., tables ; 491 pp. 


SOLID GEOMETRY 


Hugo Mandelbaum and Samuel Conte 
—both Wayne State University 


A sound introduction to the teaching of 
elementary solid geometry in the light of 
modern mathematical thinking. Emphasizes 
understanding and practical applications. 
. the authors have given considerable dig- 
nity to a much neglected subject.” Adrien L. 
Hess, Montana State College. 
296 ills., tables; 261 pp. 


THE RONALD PRESS COMPANY @ 15 East 26th St., N. Y. 10 


PROFESSIONAL OPPORTUNITIES IN MATHEMATICS 


Third Edition—January 1958 


The Teacher of Mathematics; Opportunities in Mathematical and 
Applied Statistics ; The Mathematician in Industry; Mathematicians in 


Government ; 


Opportunities in the Actuarial Profession; Non- 


Academic Employment of Mathematicians; References for Further 


Reading. 


24 pages, paper covers 


$.25 for single copies; $.20 each for orders of five or more. 


Send orders to: Harry M. Gehman, Secretary-Treasurer 
Mathematical Association of America 
University of Buffalo 
Buffalo 14, New York 
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PRELIMINARY EDITION 
Ready in September 


INTRODUCTION TO LOGIC AND SETS 


By ROBERT R. CHRISTIAN 
The University of British Columbia 


This brief text presents basic ideas, vocabulary, and notation useful 7 
in most branches of mathematics. . 


Supplements traditional courses in algebra, geometry, trigonom- 
etry, and calculus. Suitable as a background for modern treatments 
of elementary probability. 


Exposition is intuitive, yet systematic and coherent. Numerous 
examples and exercises (with answers to most of the exercises). 
Basic material in the book can be covered in three or four weeks 
of the average freshman course. May be used in high schools. 


Ginn 80 pages; numerous diagrams; paper-bound. 90¢ list price 
and 
Company Home Office: BOSTON Sales Offices: NEW YORK 11 


CHICAGO 6 ATLANTA 3 DALLAS | COLUMBUS 16 PALO ALTO TORONTO 7 


is used with consummate skill 
and maximum effectiveness 


by two noted mathematicians 
from the publishers of 


Real Functions HOWARD CARROLL V. 
eo EVES & NEWSOM 
Introduction to Modern in their new text: 


Algebra & Matrix Theory 


Rowe | The Foundations and 
Mile | FUNdamental Concepts 


The Theory of Numbers 


by B. W. Jones 143 pp., $3.75 of Mathematics 


Rinehart Mathematical 4 
Tables, Formulas & Curves “Of all the publications dealing with the foundations of mathe- ; 
by Harold Larsen matics, this is the most impressive,” writes Harvey M. Gelder, J 

flex. binding, 280 pp., $2.50 Chm. of the Dept. of Mathematics, Western Washington ‘ 


College of Education. “Just what I want,” say many others 
about this clear, complete modern treatment of the meaning 


R Ff and nature of mathematics. 363 pp., $6.75 
tne ar f & COMPANY, INC. © 232 MADISON AVE., NEW YORK 16, N. Y. 
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THE THEORY OF GROUPS 


by MARSHALL HALL, J]R., The Obio State University 


This book provides both the fundamentals of the theory of groups 
and a broad selection from the most recent and active areas of 
research in group theory. Requiring as background only an ele- 
mentary knowledge of modern algebra, the first ten chapters con- 
stitute a text for a course in the theory of groups. The last ten 
chapters, containing a wealth of the most significant modern re- 
search, may be used in course work or read individually for refer- 
ence. The treatment is modern throughout but does not neglect the 
classical results on finite and permutation groups. Of particular 
note is the material on the Burnside problem and on projective 
planes; the section on the theory of group representation, with 
examples taken from modern physics; a lattice theoretical approach 
to properties of subgroup series; and an interpretation of free 
groups and free products. Coming January 1959 


ELEMENTARY MATRIX ALGEBRA 


by FRANZ E. HOHN, University of Illinois 


Tested (in manuscript) by classroom use and presented in a clear, 
readable fashion, this text presents fundamental ideas and methods 
of matrix algebra. Especially valuable is the full treatment of the 
basic properties of determinants; the Laplace expansion and the 
determinantal properties of the adjoint matrix are treated in detail. 
A large collection of exercises covering a range of difficulty—from 
simple to challenging—is included. Coming November 1958 


1958 Publications 
FUNDAMENTALS OF MATHEMATICS, Revised Edition 


by M. RICHARDSON, Brooklyn College 1958, 507 pages, $6.50 
ARITHMETIC FOR COLLEGES, Revised Edition 
by HAROLD D. LARSEN, Albion College 1958, 286 pages, $5.50 


ELEMENTARY DIFFERENTIAL EQUATIONS, Revised Edition 


by EARL D. RAINVILLE, University of Michigan 1958, 449 pages, $5.50 


A SHORT COURSE IN DIFFERENTIAL EQUATIONS, 


Revised Edition 4, care D. RAINVILLE 1958, 225 pages, $4.50 


The Macmillan 


60 FIFTH AVENUE, NEW YORK 11, N.Y. 


MATHEMATICS 


By RUEL V. CHURCHILL, University of Michigan. 
New Second Edition. 337 pages, $7.00 


Treats the theory and applications of 
Laplace, Fourier, and other integral trans- 
forms. Applications to problems in partial 
differential equations arising in engineer- 
ing, physics, and other mathematical sci- 
ences are emphasized. Theoretical develop- 
ments have been improved throughout this 
new edition, with 400 problems included. 
Advanced calculus is a prerequisite. 


APPLIED MATHEMATICS 
FOR ENGINEERS AND 
PHYSICISTS 


By LOUIS A. PIPES, University of California at 
Los Angeles. New Second Edition. 723 pages, 
$8.75 


Provides the engineer and applied physicist 
with the principal mathematical tech- 
niques they need to understand present-day 
engineering analysis. Infinite series, com- 
plex numbers, Fourier equations, modern 
algebraic methods and ordinary nonlinear 
differential equations are among the topics 
in this new edition. It is especially recom- 
mended for advanced math courses. 


MODERN GEOMETRY: 
An Integrated First Course 


By CLAIRE FISHER ADLER, New York University. 
215 pages, $6.00 


Bridges the gap between Euclidean geom- 
etry and the modern abstract theories. 
Written for both math majors and prospec- 
tive secondary school teachers, this clear 
text unifies much material in Euclidean, 
projective, and non-Euclidean geometry. 
Historical background accompanies each 
new development, showing important dis- 
coveries of the past 200 years. 


COMPUTABILITY AND 
UNSOLVABILITY 


By MARTIN DAVIS, Rensselaer Polytechnic In- 
stitute. McGraw-Hill Series in Information Pro- 
cessing and Computers. 210 pages, $7.50 


Deals with the general theory of com- 
putability and its application to algebra, 
number theory, and symbolic logic. It is 
an advanced graduate text showing the 
existence of algorithms, or effective com- 
putational procedures for solving various 
problems. Here is the first connected 
presentation of this theory from the point 
of view of the Turing machines. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 
330 WEST 42no STREET, NEW YORK 36, N. Y. 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONSIN, U.S.A. 
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